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Abstract. We introduce the notion of JV = 1 supergeometric vertex op- 
erator superalgebra motivated by the geometry underlying genus-zero, two- 
dimensional, holomorphic AT = 1 superconformal field theory. We then show, 
assuming the convergence of certain projective factors, that the category of 
such objects is isomorphic to the category of JV = 1 Neveu-Schwarz vertex 
operator superalgebras. 



1. Introduction and Preliminaries 

1.1. Introduction. In this paper, we introduce the notion of N — 1 supergeometric 
vertex operator superalgebra and prove that the category of such objects is isomor- 
phic to the category of N = 1 Neveu-Schwarz vertex operator superalgebras with 
(or without) odd formal variables fE3] . The notion of N — 1 supergeometric vertex 
operator superalgebra is based on the geometric structure of the moduli space of 
N = 1 superspheres with tubes along with a sewing operation on this moduli space 
and an action of the symmetric groups |B4j . This moduli space is the fundamental 
geometric structure underlying genus-zero, two-dimensional, holomorphic N = 1 
superconformal field theory. 

Conformal field theory (or more specifically, string theory) and related theories 
such as superconformal field theories (cf. jBPZj . jFSj . [V). and |S]) are the most 
promising attempts at developing a physical theory that combines all fundamental 
interactions of particles, including gravity. The geometry of this theory extends 
the use of Feynman diagrams, describing the interactions of point particles whose 
propagation in time sweeps out a line in space-time, to one-dimensional "particles" 
(strings) whose propagation in time sweeps out a two-dimensional surface. For 
two-dimensional genus-zero holomorphic conformal field theory, algebraically, these 
interactions can be described by products of vertex operators or more precisely, by 
vertex operator algebras (cf. |FLM| ). 

Independently from the physical theory of conformal fields, vertex operator al- 
gebras arose naturally from the study of representations of infinite-dimensional Lie 
algebras and in the construction of representations of the Monster finite simple 
group |FLM| . Bowever, it wasn't until 1990 that a rigorous mathematical inter- 
pretation of the geometry of particle interactions and the algebraic description of 
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those interactions via vertex operator algebras was realized. In IHlj and |H2j . mo- 
tivated by the geometric notions arising in conformal field theory, Huang gives a 
precise geometric interpretation of the notion of vertex operator algebra thus giv- 
ing a rigorous basis for the geometric and algebraic "sewing" together of particle 
interactions. 

In |Fd| . Friedan describes the extension of the physical model of conformal 
field theory to that of superconformal field theory with one fermionic component 
(N = 1), and the notion of a superstring whose propagation in time sweeps out a 
supersurface is introduced. Whereas conformal field theory attempts to describe 
the interactions of bosons, N = 1 superconformal field theory attempts to describe 
the interactions of boson-fermion pairs and has been discovered to be essential for 
a full description of all particle interactions. This theory requires an operator D 
such that D 2 = d/dz. Such an operator arises naturally in supergeometry. 

Within the framework of supergeometry (cf. [D|. |IT) and |Cfip and motivated by 
N = 1 superconformal field theory, in this paper, we extend the work of Huang to 
an N — 1 supergeometric interpretation of N = 1 Neveu-Schwarz vertex operator 
superalgebras. This paper relies heavily on the results of |B4| . and the notion and 
notation of N = 1 Neveu-Schwarz vertex operator superalgebra (N — 1 NS-VOSA) 
as presented in |B3| . In |B4| . we studied the moduli space of N = 1 superspheres 
with tubes and defined a sewing operation on this moduli space. This sewing 
operation defines a partial-operad structure on the moduli space (cf. [M|. HL1 , 
HL2 ), and in |B4j . we thoroughly analyze this structure both algebraically and 
analytically. The most important aspect of this work is that given two canonical 
N — 1 superspheres with tubes representing equivalence classes in the moduli 
space, we can completely determine the resulting sewn N = 1 supersphere as being 
in the equivalence class of a specific canonical N = 1 supersphere. This is done 
by explicitly solving the sewing equation and thus constructing the uniformizing 
function which takes the resulting sewn N — 1 supersphere to the canonical N = 1 
supersphere representative. 

In this paper, assuming the convergence of a certain series, denoted T, (see Con- 
jecture we define an algebra over this partial operad of the moduli space of 
N = 1 superspheres with tubes and the sewing operation and extended to include 
the projective factors associated to T, and call such an algebra an N — 1 super- 
geometric vertex operator superalgebra (N = 1 SG-VOSA). We then prove that 
the category of such objects is isomorphic to the category of (algebraic) N = 1 
NS-VOSAs. The fact that N = 1 SG-VOSAs are defined over the geometric struc- 
ture of the moduli space with sewing, and that the sewing operation is completely 
soluble, provides much more information for the corresponding algebraic structure 
of an N = 1 SG-VOSA, and thus by isomorphism of categories, for the more fa- 
miliar structure of an TV = 1 NS-VOSA as well. This includes a full understanding 
of the effects of a change of coordinates for N = 1 NS-VOSA as studied in |B5j . 
as well as the development of alternate notions of superconformality and relations 
to N = 2 superconformal field theory as studied in B6 . In addition, this fully 
realized genus-zero case is the first step toward understanding higher genus N = 1 
superconformal field theory. 

This paper is organized as follows. In the remainder of this section, Section 1, 
we give a brief summary of some basic definitions. In Sections 2 and 3, we give an 
overview of the results of |B4j . This overview is only meant to recall these results 
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for the reader who is already familiar with |B4| . Certainly for a full understanding 
of these results, it is essential that one refer to |B4j . 

In Section 4, we discuss (l/2)Z-graded vector spaces with finite-dimensional 
homogeneous subspaces and define the t 1//2 -contraction of n-ary functions from 
such a vector space to its algebraic completion. This contraction of functions can 
be thought of as being analogous to the sewing operation on the moduli space 
of superspheres with tubes in that both contraction and sewing define the formal 
substitution maps in the definition of a partial (or partial pseudo-) operad (cf. 
IHLlj . |lll,2|. p42 ). In the second subsection of Section 4, we introduce the notion 
of N = 1 super geometric vertex operator superalgebra (N = 1 SG-VOSA) assuming 
the convergence of the projective factors for the central charge. 

In Section 5, we recall from |B3 | the notion of N = 1 Neveu-Schwarz vertex 
operator superalgebra (N = 1 NS-VOSA) and several consequences of the definition 
including the properties of associativity and supercommutativity. 

In Sectional we construct an N — 1 NS-VOSA with odd formal variables from 
an N = 1 SG-VOSA, and in Section we construct an N = 1 SG-VOSA from an 
N = 1 NS-VOSA with odd formal variables. 

In Section we prove that the category of N = 1 SG-VOSAs is isomorphic to 
the category of N = 1 NS-VOSAs with odd formal variables. 

The results of this paper were first announced in |B1| as part of the authors 
Ph.D. thesis |B2j . 

1.2. Grassmann algebras and the N = 1 Neveu-Schwarz algebra. Let Z 2 

denote the integers modulo two. For a Z 2 -graded vector space V = V° ffi V 1 , define 
the sign function r\ on the homogeneous subspaces of V by f](v) = i for v G V, 
i = 0, 1. If i](v) — 0, we say that v is even, and if 77(f) = 1, we say that v is odd. 

A superalgebra is an (associative) algebra A (with identity lei), such that: (i) 
A is a Z 2 -graded algebra; (ii) ab = (—l) r '( a > rl ( b >ba for a, b homogeneous in A. 

The exterior algebra over a vector space U, denoted f\(U), has the structure of 
a superalgebra. Fix Ul to be an L-dimensional vector space over C for L G N with 
fixed basis £l} such that Ul C Ul+i- We denote /\{Ul) by f\ L and call this 

the Grassmann algebra on L generators. Note that /\ L C Al+1' anc ^ taking the 
direct limit as L — > 00, we have the infinite Grassmann algebra denoted by Aoo- 
We use the notation f\ t to denote a Grassmann algebra, finite or infinite. 

The Z 2 -grading of is given explicitly by 

A* = { a e A* I a = a «&i& 2 •• -Ci2») a w e c, n e n| 

(»)ei. 

Ai = {a e A* I a = Y a 0)0i0 2 • • • Cj 3 „+i' a U) e C ' " e N }' 

(3) 6 J. 

where 

/* = {(«) = *2, • - - , *2n) I i\ < h < ■ ■ < hn, k € {1,2, ...,*}, n G N}, 

J* = {(J) = (h,h, ■ ■ -,hn+i) I ji < h < ■ ■ ■ < ten+u 3i e {1, 2, *}, n g N}, 

with {1,2,...,*} denoting {1,2,...,L} if is the finite-dimensional Grassmann 
algebra /\ L and denoting the positive integers Z + if /\ t = /\ oo . We can also 
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decompose into body, (A*)s = {°(0) £ C}, and sow? 

(AJs = {« e A* | a = a (fc)CfeiCfe 2 •■•Cfe„, a (fe) e cj 

(fc) E7.UJ, 
fe#(0) 

subspaces such that = (A*)b © (A*)s- For a £ /\ t , we write o = a B + as for 
its body and soul decomposition. 

A Z2-graded vector space g is said to be a Lie superalgebra if it has a bilinear 
operation [•,-] such that for u,v homogeneous in g: (i) [u,v] £ g(')( u )+')( l ')) mod 2 ; 
(ii) skew-symmetry holds [u,v] = —(—l)' r, ( u > r i( v )\v,u]; (hi) the Jacobi identity holds 

Given a Lie superalgebra g and a superalgebra A, the space (A°(g)Q ) © (yl 1 ©fl 1 ) 
is a Lie algebra with bracket given by [au,bv] = (— l)* 1 ^* 1 ^ ab[u, v] for ai e i 
and u,v £ g homogeneous. We call (^4° © g°) © (A 1 ® g 1 ) the A-envelope of g. 
Similarly, given two superalgebras A and A, we can form the A-envelope of A given 
by (A © A ) © (A 1 © A 1 ) which is naturally an algebra. 

For any Z2-graded associative algebra A and for u, v £ A of homogeneous sign, 
we can define [it, u] = to — (—iy i wvv") vu ^ ma ^[ n g A m t a Lj e superalgebra. The 
algebra of endomorphisms of A, denoted End A, has a natural Z2-grading induced 
from that of A, and defining [X, Y] = XY - (-\)v{x)v[Y) Y X for X, Y homogeneous 
in End A, this gives End A a Lie superalgebra structure. An element D £ (End A) 1 , 
for i £ Z 2 , is called a super derivation of sign i (denoted t](D) — i) if D satisfies the 
super-Leibniz rule D[uv) = (Du)v + (— l) n ^ D ^ u '> uDv for it, u £ A homogeneous. 

The Virasoro algebra is the Lie algebra with basis consisting of the central ele- 
ment d and L n , for n £ Z, and commutation relations 

(1.1) [L m , L n ] = (to - n)L m+n + -^{m 3 - m)S m+nfi d, 

for to, n £ Z. The AT = 1 Ncveu-Schwarz Lie superalgebra, denoted ns, is a super- 
extension of the Virasoro algebra by the odd elements G n+ \/2, for n £ Z, with 
supercommutation relations 

r i / n> — l \ 
(!- 2 ) |G m+ i,£ n J = (m — jG ro+n+ i 

(1-3) G m+ i,G„_i = 2L m+n + \{m 2 + m)S m +n,o d 

in addition to Ql.lfl . 

1.3. Superanalytic and superconformal superfunctions. Let Z7 be a subset of 
A*, and write [/ = t/ ©^ 1 for the decomposition of U into even and odd subspaces. 
Let z be an even variable in U° and 9 an odd variable in U 1 . We call H : E/ — > A*) 
mapping (z,#) i— > H{z,9), a /\^-superf unction on U in (1,1) -variables. 

Let zb be a complex variable and h(zs) a complex analytic function in some 
open set Ub £ C For z a variable in A,„, we define h(z) to be the Taylor expansion 
about the body of z = zg + zg. Then h(z) is well defined (i.e., convergent) in the 
open neighborhood {z = zb + zs £ A* \ z b ^ Ub} = Ub X (A*)s £ /\°. Since 
/i(z) is algebraic in each zu\, for (i) £ /*, it follows that h(z) is complex analytic 
in each of the complex variables zu) . 

For n £ N, we introduce the notation A*> n to denote a finite Grassmann algebra 
/\ L with L > n or an infinite Grassmann algebra. We will use the corresponding 
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index notations for the corresponding indexing sets !*>„ and J*>„. A superanalytic 
/\^ >0 -superf unction in (1, l)-variables H is a /\ >t>0 -superfunction in (1, l)-variablcs 
of the form 

H /(i)(«)CiiCi 2 ■■<<„+ 61 XI ^(j)W0i0a-"Cj2„+i. 

\(i)€/,-i (j)€J—i 

X ^(jjWCjiOa • "Cjwi + 61 2 0w(*)CiiCi a ■■ - Ci„ J 

(j)eJ.-i (i)e/,-i / 

where f^(zs), 9(i)i z B), and tp(j){ z B) are all complex analytic in some 

non-empty open subset 17b C C. If each fu\{zB), 9h){zb), £u){zb), and ^)u){zb) 
is complex analytic in {/ B C C, then H(z,9) is well defined (i.e., convergent) for 
{(z,6) G A*> I z s e = jj b * (A*>o)s- Consider the topology on A, given 
by the product of the usual topology on (/\*)b = C and the trivial topology on 
(A*)s- This topology on A* is called the DeWitt topology. The natural domain 
of any superanalytic /\ <i>0 -superfunction is an open set in the DeWitt topology on 

A*>cr 

Since 1/a — J2 neK (— l)" a s/ a s +1 is well defined if and only if a B ^ 0, the set of 
invertible elements in /\ + , denoted /\*, is given by /\* = {ft £ A, I fl B ^ 0}- Note 
that AT c A* i s open in the DeWitt topology. 

We define the (left) partial derivatives d/dz and 8/86 acting on superfunctions 
which are superanalytic in some DeWitt open neighborhood U of (z, 9) 6 A*>o by 

Az^H(z,9^j +0((Az) 2 ) = H(z + Az,6)-H(z,9) 
M(^H(z,0)^j = H(z,9 + A6)-H(z,9) 

for all Az G A*>o and Ae E Ai>o such that z + Az e U° = U B x (A*> )s 
and 9 + A9 E U 1 = A*>cr Note that d/dz and 8/ 89 are endomorphisms of the 
superalgebra of superanalytic (1, l)-superfunctions, and in fact, are even and odd 
superderivations, respectively. 

If h(z B ) is complex analytic in an open neighborhood of the complex plane, 
then h(z B ) has a Laurent series expansion in zb, given by Ii(zb) = X^ez c ' z B> f° r 
q G C, and we have h(z) = E„ e N( z s/ n! )^ (n) ( z -B) = E; e z c i( z b + z sY = Y.iei c i zl 
where (zb + zs) 1 , for I £ Z, is always understood to mean expansion in positive 
powers of the second variable, in this case zs- Thus if H is a A*>o" su P er f unc tion 
in (1, l)-variables which is superanalytic in a (DeWitt) open neighborhood, H can 
be expanded as 

(1.4) H{z,9) = {Y j a l z l + eY j niz l ,Y J m i zl + 6 H b i zl 

Mez zez ;ez zez 

for ai, bi G A*-i and m ; ,n ; G A*-i- 

Define I? to be the odd superderivation £> = 8/89 + 98 /8z acting on su- 
peranalytic A*>o" su P er ^ unc ^i° ns m (1, 1)- variables. Then D 2 = d/dz, and if 
H(z, 9) — (z, 9) is superanalytic in some DeWitt open subset, then D transforms 
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under H(z, 9) by D = (D6)D + (Dz - 6D6)D 2 . We define a superconformal (1, 1)- 
superfunction on a DeWitt open subset U of A*>o ^° a superanalytic super- 
function H under which D transforms homogeneously of degree one. Thus a su- 
peranalytic function H(z,8) = (z,9) is superconformal if and only if, in addition 
to being superanalytic, H satisfies Dz — 8D8 = 0, for DO not identically zero, thus 
transforming D by D = (D6)D. 

1.4. Super-Riemann surfaces. A DeWitt (1,1) -dimensional manifold over A* 
is a topological space X with a countable basis which is locally homeomorphic to 
an open subset of A* in the DeWitt topology. A DeWitt (1, l)-chart on X over 
A* is a pair (U, CI) such that U is an open subset of X and 17 is a homeomorphism 
of U onto an open subset of A* in the DeWitt topology. A superanalytic atlas of 
DeWitt (1, l)-charts on X over A*>o ^ s a f armr y °f charts {(U a , Cl a )} al zA satisfying: 
(i) each U a is open in A, and UaeA U a = X; (ii) each il Q is a homeomorphism 
from U a to a (DeWitt) open set in A*>o sucn * na * ^ Q ° ^/J 1 : ^p(Ua H LTg) — > 
^a(t^ct (~l JTg) is superanalytic for all non-empty U a (~l 17^. Such an atlas is called 
maximalif, given any chart (£/, f2) such that fiof^ 1 : ^(J/nU"^) — ► fif^t/nEZ/j) is 
a superanalytic homeomorphism for all (3, then (17, Q) G {(t/ Q , fi Q )} Qe ^. A DeWitt 
(1, l)-supermanifold over A*>o ^ s a DeWitt (1, l)-dimensional topological space M 
together with a maximal superanalytic atlas of DeWitt (1, l)-charts over A*>o- 

Given a DeWitt (1, l)-supermanifold M over A*>o' define an equivalence relation 
~ on M by letting p ~ g if and only if there exists a (z A such that p,q (z U a and 
7Ts(f2 Q (p)) = 7rs(f2a(9)) where ttb is the canonical projection of A*>o on to its body. 
Let pb denote the equivalence class of p under this equivalence relation. Define the 
body Mb of M to be the one-dimensional complex manifold with analytic structure 
given by the coordinate charts {{{Uo)b, (Cl a )B)} a eA where (Uq,)b = {pb \pE U a }, 
and (Q Q )s : {U a ) B — > C is given by (Cl a ) B (pB) = n B ° O a (p). 

For any DeWitt (1, l)-supermanifold M, its body Mb is a Riemann surface. 
A super-Riemann surface over A*>o ^ s a DeWitt (1, l)-supermanifold over A*>o 
with coordinate atlas {(U a , JJ a )}o£A such that the coordinate transition functions 
fl a o Qp 1 in addition to being superanalytic are also superconformal for all non- 
empty U a H Up. Since the condition that the coordinate transition functions be 
superconformal instead of merely superanalytic is such a strong condition (unlike 
in the nonsuper case), we again stress the distinction between a supermanifold 
which has superanalytic transition functions versus a super-Riemann surface which 
has superconformal transition functions. 

2. The moduli space of N = 1 superspheres with tubes and the sewing 

OPERATION 

In |B4| . we define the moduli space SK(n) of N = 1 superspheres with n incom- 
ing tubes and one outgoing tube, define a sewing operation on this space and give 
a detailed algebraic and analytic study of this space with this sewing operation. In 
this section, we recall some results of this work that we will need in order to define 
the notion of N = 1 supergeometric vertex operator superalgebra and to prove the 
Isomorphism Theorem. 

2.1. The moduli space of N = 1 superspheres with tubes. By N = 1 su- 

per sphere we will mean a (superconformal) super-Riemann surface over A*>o sucri 
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that its body is a genus-zero one-dimensional connected compact complex manifold. 
From now on we will refer to such an object as a supersphere. 

A supersphere with 1 + n tubes for n £ N, is a supersphere S with 1 negatively 
oriented point po and n positively oriented points pi, ...,p n (we call them punctures) 
on S which all have distinct bodies and with local superconformal coordinates 
(Uq, J7o), (U n , n„) vanishing at the punctures poi ■■■,Pn, respectively. We denote 
this structure by (S;po, ...,p n ', (Uo, Cto), (U n , Q n )) . We will always order the 
punctures so that the negatively oriented puncture is pa. 

Let Si = (Si;po,...,p m ;(Uo,0, Q ),...,(U m ,fl m )) be a supersphere with 1 + m 
tubes, for m e N, and let S2 — (S2', qo, Qn] (Vo, So), (V n , H„)) be a supersphere 
with 1 + n tubes, for n € N. A map F : Si — + S2 will be said to be superconformal 
if Bp oFoO a 1 is superconformal for all charts (U a , Cl a ) of Si, for all charts (Vp, E.p) 
of 52, and for all (z, 9) G Vl a (U a ) such that F o 0) £ Vg. If m = n and there 

is a superconformal isomorphism F : Si —> S2 such that for each j = 0, ...,n, we 
have that F(pj) = qj and Qj\wj — £j F\w j7 for Wj some DeWitt neighborhood 
of pj , then we say that these two superspheres with 1 + n tubes are superconfor- 
mally equivalent and F is a superconformal equivalence from Si to S2. Thus the 
superconformal equivalence class of a supersphere with tubes depends only on the 
supersphere, the punctures, and the germs of the local coordinate maps vanishing 
at the punctures. 

The collection of all superconformal equivalence classes of superspheres over 
A*>o w hh 1 + n tubes, for n G N, is called the moduli space of superspheres over 
A*>o w ^h 1 + n tubes. The collection of all superconformal equivalence classes of 
superspheres over A*>o w hh tubes is called the moduli space of superspheres over 
A*>o w ^h tubes. 

Let SC be the supersphere with superconformal structure given by the covering 
of local coordinate neighborhoods {Ua,U~t} and the local coordinate maps A : 
Ua — y A*>o an d T : C/x — ► A*>o> which are homeomorphisms of Ua onto A*>o 
and Uy onto A*>o> respectively, such that A o T _1 : AT>o — * A*>o ^ s gi ven by 
(z,d) i-> (l/z,i9/z) = AoT _1 (2;,0) = l(;z,0)- Thus the body of SC is the Riemann 
sphere, (SC)s = C = CU with coordinates zb near and 1/zb near 00. We 

will call SC the super-Riemann sphere and will refer to T _1 (0) as the point at 
(oo,0) or just the point at infinity and to A _1 (0) as the point at (0,0) or just the 
point at zero. 

Let T : SC — > SC be a superconformal automorphism. Then defining Ta = 
A o T o A -1 , we have that T must be a superprojective transformation satisfying 

T A : A»> ^ {{{-d/c) B } x (A. >0 )s) — ► A*> ^ ({(o/c)a} x (A*> )s) 



(cz + d) 2 ' cz + d cz + d 



for a, b,c,d £ A*-i> 7j ^ ^ A*-i anc * ad ~ be — 1, and T is determined uniquely by 

In |CR| . Crane and Rabin prove the uniformization theorem for super-Riemann 
surfaces. For super-Riemann surfaces with genus-zero compact bodies, the theorem 
states that any such super-Riemann surface is superconformally equivalent to the 
super-Riemann sphere SC. Thus as is proved in |B4j . any supersphere with 1 + n 
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tubes is superconformally equivalent to 

(5C;oo, (zi,0i), (x n _i,0 n _i),Q;flo,-ffi, —,H n ), 

where (zo, $o) = 00 = T _1 (0) is the coordinate of the outgoing puncture, (z ni 8 n ) — 
= A _1 (0) is the coordinate of the last incoming puncture, (Zi,0i) € (A*>o) X with 
{zi)B 7^ { z j)b for i ^ j, and Hi is a coordinate from an open set around the i-th 
puncture to A*>o which maps the puncture to zero. 

We now temporarily switch to a formal algebraic setting in order to better under- 
stand superconformal local coordinates. Let R be a superalgebra, let x be an even 
formal variable, and let <p be an odd formal variable. By this we mean that x com- 
mutes with all formal variables and all superalgebra elements and p anticommutes 
with all odd formal variables and all odd superalgebra elements but commutes with 
even elements. Note that R((x))[<p>] and i?((a; _1 ))[</3] are superalgebras. For j 6 Z, 
consider the even superderivations 

(2.1) L^p) =-(xi +1 i: + ( ] -±l)^4- 



dx 2 d(p 

and the odd superderivations 

(2-2) Gj _ h (xM = -^(^-vl 

in Der(i?[[x, Then Lj(x,tp) and Gj-i/2(x,(p) give a representation of 

the N = 1 Neveu-Schwarz Lie superalgebra, ns, with central charge zero. 

For any formal power series H £ R[[x, [<p], we say that H(x,ip) = (x,(p) is 
superconformal if Dx = (pD<p for D — d/dtp + pd/dx. 

Let (i?°) x denote the invertible elements in R°. Let (R ) 00 be the set of all 
sequences A = {Aj}j & % + of even elements in R, let (i? 1 ) 00 be the set of all sequences 
M = {M j _ 1/2 } jGZ+ of odd elements in R, and let R°° = (R ) 00 © (R 1 ) 00 . In |H3 
and |B4| . we show that there is a bijection between the set of formal superconformal 
power series H € R[[x, a;" 1 ]] [p] which vanish at zero, i.e., formal superconformal 
power series of the form 

(2.3) H(x, p) = ( Op (x + ^2 a x j+1 + p ^ njX j 

a ° ( m j-\ x3 +<p0-+ b i x3 ) 

with ap G (i?°) x and (a, to) = {(oj ■, to^_ 1 )}jgz + , and satisfying fli = ipDip, and 
formal power series of the form 

(2.4) expi-J2 (A j L j (x,<p) + M j _iG j _i(x,(p)^\ ■ (a 2 n x,a a p). 
This defines a bijection 

(2.5) E : R°° — > R°° 

(A,M) = {(A j ,M j _i)} jeZ+ ' ^ (o,to) = {(a^TOj.i)}^^. 

As in |B4j . this allows us to define a map £7 from to the set of all formal 
superconformal power series in xii[[x]][yj] with leading even coefficient of <p equal 
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to one, by defining 

(2.6) cpE°(A,M)(x, V >) = Jx+ E j {A,M)x j+1 \ 

(2.7) pE 1 (A,M)(x,p) = tp E 3 _i(A,M)xi, 

and letting E(A, M)(x, <p) be the unique formal supcrconformal power series with 
even coefficient of ip equal to one such that the even and odd components of E 
satisfy i|2.6[l and (|2.7|l . respectively. For a n G (R°) x , we define a map E from 
(R°) x x R°° to the set of all formal superconformal power series in xi?[[a;]] [<p] with 
invertible leading even coefficient of ip, by defining 

(2.8) E(a n ,A,M)(x,p) = (E (a n ,A 1 M)(x,p),E 1 {a ni A,M)(x,p)) 

= (a 2 n E Q (A, M)(x, p), a n E\A, M)(x, ip). 



The following proposition is proved in |B4I 



Proposition 2.1. (\B4\ ) The map E from (R°) x x R°° to the set of all formal 
superconformal power series H{x, tp) G [tp] of the form 

(2.9) (pH(x,(p) — pi a^^x + ajX^ +1 ^j , a n m^\_x > J 



and with even coefficient of tp equal to a n for (a D , a, m) G (i?°) x xR°° , is a bijection. 

The map E from R°° to the set of formal superconformal power series of the 
form l\2.y\) with a D — 1 and even coefficient of tp equal to 1 is also a bijection. 

In particular, we have inverses E~ l and E . 

Let 

H = {(A,M) G I E(A, M)(z, 9) is an absolutely convergent power 

series in some neighborhood of (z,8) = 0}, 

and for n G Z + , let 

SM n ~ x = {((*!, 0r), •••,(*»-! A-0) I {zi A) 6 A^,. (*)fl # (**)b, forz ^ j}. 

Note that for n = 1, the set SM° has exactly one element. 
For convenience, define the superconformal shift 

S (z.6) ■ Aoo -> Aoo 

{w,p) i — ► (w — z — p9, p — 8). 
We also define the linear operator ag 21,0 ^' 1 ^ = a n 3:E+Vo ^ on ar -1 ]][yj], by 

(2.10) an 21,0 ^^) ■ c<A" = ca 2 " + Vz n , 

for c G -R, fe = 0, 1, and n G Z, and by extending linearly. 
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0,y)=s (z e )(uj,p) 



For any supersphere with 1 + n tubes over /\ oc , we can write the power series 
expansion of the local coordinate at the i-th puncture (zt, 9i), for i = 1, n, as 

Hi(w, p) = expf-^ [AfL^x^ + Mf^G^M ■ 

. (a W r 2 i0 (x, y) . {xM 

= E(a^,A^,M^)o S(zi!ei) (w,p) 

for (oq , A^\ M^) G (AlL) X x ^> anc ^ we can wr ite the power series expansion of 
the local coordinate at oo as 

H (w, p) = exp ( ( A ? )l -A™> P) + M -% G -jH K P) 
Viez + 

= E{A^\-iM^)(-,^ 




for {A^\-iM^>) G But (A(°),-iM(°)) G W if and only if (4(°!,M(°)) G ft. 
From |B4| . we have the following proposition. 



Proposition 2.2. f \BA\ ) The moduli space of superspheres over with 1 + n 
tubes, for n G Z+ , can be identified with the set 

(2.11) SK(n) = SM n ~ l xHx ((AL) X x H) n '. 

The moduli space of superspheres with one tube can be identified with the set 

SK(0) = { (A, M) G H | (A l7 Mi) = (0,0)}. 

Let SK = U„eN SK{n) denote the moduli space of superspheres over with 
tubes. The actual elements of SK give the data for a canonical supersphere repre- 
sentative of a given equivalence class of superspheres with tubes modulo supercon- 
formal equivalence. Any element of SK(n), for n G Z+, can be written as 

({zM [Zn-x, B _O; (A<°>, M<°>), (<&>, A« M«), (a< n », #U W )) 
where 6>i), (s n _i, 0„_i) G SAf™' 1 , (#,M' ') G H, and 

Thus for an element Q G S'if , we can think of Q as consisting of the above data, 
or as being a canonical supersphere with tubes corresponding to that data. 

Note that above we are working over faoo' we can a l wavs restrict variables 
and coefficients to be in a finite dimensional Grassmann subalgebra of if we so 
wish as long as care is taken to see that if we employ any partial derivatives with 
respect to odd variables that these partials are well defined. 

2.2. A left action of the symmetric group S n on the moduli space SK(n). 
Let S n be the group of permutations on n letters, for n G Z+. In |B4j . we defined 
an action of S n on SK(n). We would like to take this opportunity to point out 
that although this action was stated to be a right action, it is in fact a left action. 
We define this left action by first defining an action of S n -i on SK{n) given by 
permuting the ordering of the first n — 1 positively oriented punctures and their 
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local coordinates and then extending this to an action of S n on SK(n), by defining 
the action of the transposition (n — 1 n) on SK(n). 

To define the action of S n —i on SK(n), we note that an ordering or labeling of 
the first ri — 1 punctures of a supersphere with n-tubes with the first n—1 punctures 
at the points f>i,P2, ■■■,Pn-i is a bijection 

I : {1,2,. 1} — > {p 1 ,p 2 ,...,p n -i}- 

Then a left action on any ordering I is given by a ■ l(i) = Z(<j _1 (i)), for a G S n -i 
and i = 1, n — 1. Thus, for a G S n —i, and Q G SK(n) given by 

it acting on Q, denoted <j ■ Q, is given by 

o- • Q = ((^-i(i), ^(i)), (^-i (n _i), ^-i ( „-i)); (A (0) , M<°>), 

(a^ 1(1)) , W), M^ _1 W)), ( a ^ 1(n - 1}) , A^ n -V\ M^" 1 ^- 1 ))) 

(aS°,A< n >,Af <">)). 

To extend this to a left action of S n on SK(n), we first note that 5V,, is generated 
by the symmetric group on the first n — 1 letters S n —i and the transposition (n — 
1 n). We can let (n — 1 n) act on SK{n) by permuting the (n — l)-st and n- 
th punctures and their local coordinates for a canonical supersphere with 1 + n 
tubes but the resulting supersphere with 1 + n tubes is not canonical. To obtain 
the superconformally equivalent canonical supersphere, we have to translate the 
new n-th puncture to 0. This translation will not change the local coordinates at 
positively oriented punctures but will change the local coordinates at the negatively 
oriented puncture oo. In B4 we show that the resulting canonical supersphere with 
tubes is given by 

(n — 1 n) • Q 

= (oo, (zi, Oi), {z n - 2 , 6 n -»), 0, (*„_!,*„_!); (A(°',M (0) ), (a&\ A« M«), 
(a^ 2) , A("- 2 ), Af("- 2 )), (ag , A< n >, M W), (a^-^,^" 1 ), M^- 1 ))) 
= (°°) S(z„_ 1 ,e„_ 1 )(^i, 0i), s( z „_ 1 , e „_ 1 )(z 2 , 2 ), s( Zn _ li e ri _ 1 )(z n _2, #„_ 2 ), 

'(-.-^-oW, 0; (i (0) , M (0) ), i« , M«), (a^ 2) ,A(»- 2 ),M(- 2 )), 
(a^ ) ,^"),M(")),(a^- 1) ,A^ 1 ),M("- 1 ))) G SK(n) 
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where (A^°\M^) G A^ is given by 



(2.12) £(I(°),-iM(°))(i,^ 
\w w 



exp 



£ (^- 



7 A 



exp( £ (4° + M^G_ j+i (x, tp)] 



{ 



1 iip 

x ' a; 



_i)(«'>p) 



exp 



• -P f E (4 0) ^ K P) + <\ («, P)) ) • (±, £) ■ 



2.3. Supermeromorphic superfunctions on S'if and supermeromorphic 
tangent spaces of 5F. A supermeromorphic superfunction on SK(n), for n G 
Z+, is a superfunction F : SK(n) — > /\ of the form 

(2.13) F(Q) = F((z li e 1 ) ) ..,(z„_ li e„_ 1 );(#,M(°)) 1 (af 1 U (1 U (1) ),., 



(o^,AW,MW))x(n 



l<i<j'<n-l 

where s$ and Sy are nonnegative integers and 



is a polynomial in the z^'s, 0j's, <2p 's, (ag j )~ 1 's, A^'s, and AFj'^'s. For n = 
a supermeromorphic superfunction on SK(0) is a polynomial in the components of 
elements of SK(0), i.e., a polynomial in the A ®' 's, and Afjj^'s. For F of the 
form (|2.13|l . we say that F has a pole of order at (zi,#i) = (Zj,6j). 

The set of all canonical supermeromorphic superfunctions on SK(n) is denoted 
by SD(n). Note that SD(n) has a natural Z2-grading since any supermeromor- 
phic superfunction F can be decomposed into an even component F° and an odd 
component F 1 where F°(Q) G AL> for a11 Q ^ SK and F*(Q) e AL for a11 
Q e SK. 

An even supermeromorphic tangent vector of SK at a point Q G SFT is a linear 
map £q : SD(n) — ► Aoo sucn t na * f° r S SD(n), the map £q satisfies 

Cq{F\F2) = CqFi ■ F2(Q) + Fi(Q) • CqF2, and an odd supermeromorphic tangent 
vector of STf at a point (J G 5F is a linear map Cq : SD(n) — ► Ac© such 
that for Fi of homogeneous sign in SD(n), we have Cq(FiF 2 ) = CqFi ■ F 2 (Q) + 
(— l) , ''- Fl 'Fi(Q) ■ CqF2- The set of all supermeromorphic tangent vectors at Q is the 
supermeromorphic tangent space of SK at Q and is denoted TqSK (or TqSK(h) 
when Q G SK(n)). Since TqSK is naturally Z 2 -graded, the sign function n is well 



i(<)» 
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defined on TqSK. In |B2j and |B4| . we prove that any supermeromorphic tangent 
vector Cq can be expressed as 



d 



EE 

i=0 jez + 



0j4 



(i) 



where 

Of course if t](jCq) = 0, then c^, 5j, 7? 6 /\ 



5,- = £naf z) 



.< - av(Cq) 

00 



7< — L -Q A j ' 



dM 



CqM® 
j 2 



(ij(£q) + 1) mod 2 



and ft, 1/? e A 

2.4. The sewing operation. In |B4| we introduce the sewing operation for su- 
perspheres with tubes. This gives rise to the sewing equation, normalization con- 
ditions and boundary conditions derived from taking two canonical superspheres 
with tubes, sewing them together and determining conditions on the uniformizing 
function which maps the resulting supersphere to a super-Riemann sphere. This 
resulting super-Riemann sphere is then superconformal to a canonical supersphere, 
i.e., an element in SK, via a superprojective transformation. Thus for any m S Z + , 
n £ N, and any positive integer i < m, the sewing operation for superspheres with 
tubes defined in |B4| induces an operation 

.ooq : SK{m) x SK{n) -> SK{m + n - 1) 
For m e Z+, let Q\ e SK(m) be given by 

((*!, 00, (* m _i, m _ 1 ); (A<°>, M<°>), (ag\ M«), (a« m U W ,MW)) 
and for neN, let Q2 S SK(n) be given by 

((^^•••.(^-l^-i);^ 

For convenience, we will sometimes denote the puncture at of Q\ by (z m ,9 m ). 
Let 



= E(agUW M«)(i<;,p), 
#< 2 >( W ,p) = cxp( ^ (i?< > L-j(w,p)+N^\ G_ j+ i(w,p) 




E(i}(°),-iArW)(-,^) 



Then the local coordinate vanishing at the i-th puncture of the canonical super- 
sphere represented by Qi is o S( Zij 6»i) (w, p), and the local coordinate vanishing 
at the puncture at 00 of the canonical supersphere represented by Qi is H^ 2 \w, p). 
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Recall the standard coordinate atlas for the super-Riemann sphere, SC, given 
by {(Ua, A), (Uy, T)} with coordinate transition given by I = A o Y . For a 
superconformal equivalence F : SC — > SC define Fa — AoFoA -1 and Ft = 
TofoT 1 . Also define the DeWitt open (respectively, closed) discs about zero 
and of radius r > 0, by 

B r = {(w,p) 6 Aco I Kl < r } ( res P-> g = (Kp) 6 Aoo I hsl < r D- 
The following theorem summarizes several results from |B2| and |B4| . and pro- 
vides exact formulas for calculating the resulting canonical supersphere from the 
sewing together of two canonical superspheres. 

Theorem 2.3. f \B4\ ) The i-th tube of Qi can be sewn with the 0-th tube of Q2 if 
and only if there exist r\,T2 & R+, with n > r-i such that the series (ifW) - 1 (iu, p) 
and (H^)^ 1 (w, p) are absolutely convergent in Bq 1 and B^ T2 \ ({0} x (Aoo)s)> 
respectively, {—zu — (z k - z i -9 k Q l ,6 k -0 i ) £ (ijW) -1 ^ 1 ), for k = 1, ...,m-l, 

k ± i, and 0, {z[, 9[) i (ff( 2 ))- 1 (B 1/r2 ^ ({0} x (A Js)), for I = h •»," - 1- In this 
case, there exist unique bijective superconformal functions F^'(w, p) and F@'(w, p) 
defined on 

and 

U A x A- 1 o {H^)-\Bl^ x ({0} x (A oc )s)) C SC, 
respectively, satisfying the normalization conditions: 

(2.15) ^t } (0) = 0, 

(2.16) lim A (F W)i( W7(0 ) = 1 

10— too (Jp 

(2.17) F A 2) (°) = 
and such that in (H^ o S( Zii e i )) _1 (Bq 1 \ B^ 2 ), we have 

(2.18) f£\w, p) = F<£ ] o (H^y 1 o 7 o ff« o s {zM (w, p). 
Furthermore, if we let 

H^\w,p)=E(A^,-iM^)(^), 

denote the local coordinate of the puncture vanishing at 00 of the canonical super- 
sphere represented by Q\; let 

Hi 1 \w,p)=E(a { n k \A^,M^)(w,p), 

so that the local coordinate vanishing at the k-th puncture of the canonical super- 
sph 
let 



sphere represented by Q\ is given by Hjp o sr Zkt g k \, for k = l,...,m, k ^ i; and 



Hl 2 \w,p)=E(b^,B^,N^)(w,p), 

so that the local coordinate vanishing at the l-th puncture of the canonical super- 

(2) 

sphere represented by Q2 is given by °S( Z ',0')) for I = 1, ...,n; then we have the 
following: 

(1) When i — m, and n > 0, the punctures of the canonical supersphere repre- 
sented by Qi m ooo Q2 are 

00, Fg\z 1 ,6i),...,Fg\z m -i,6 m -i), F£\z' 1 ,d[),...,F£\z' n _ 1 ,d' n _ 1 ), 0; 
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and the local coordinates vanishing at these punctures are 

H[ 1] o « ( , 1jSi) o (F^y^w, p), H^l, o 8^,0^) o >, p), 

respectively. 

(2) When i = m = 1 and n = 0, £/ie canonical supersphere represented by 
Qi iooo Q2 onZ?/ </ie one puncture at 00 with local coordinate given by 

(2-19) ^M^VovW™'^ 

where (a',m') € /\ is £/ie unique element such that Q\ \ooq Q 2 represents a 
canonical supersphere in SK(0), i.e., such that the expansion of \2.19\) has even 
coefficient of w~ 2 and odd coefficient of w^ 1 equal to zero. Thus 

Ql ioo Q 2 = {(E- 1 ) ^ o o s - a ) m>) o I-\ w , p)), 

iiE- 1 ) 1 ^ o(fW)" 1 os-^ ml) oI-\ w ,p))). 

(3) When i = m > 1, and n = 0, and writing (z m _i, 6 m -i) =])£ Aoc 
punctures of the canonical supersphere represented by Q\ ^ooo Qi are 

oc, s p o F^\zi,9 1 ),... 1 s p o F^\z m ^ 2 ,0 m ^ 2 ), 0; 

and the local coordinates vanishing at these punctures are 

H^o(F^)-'o S -\w,p), 

hP o a M) o (f^)- 1 ° >,p), s (Zm _ 2 , 9m _ 2) ° (^r 1 ° W) 

respective/?/. 

(4) When i < m and n ^ 0, writing F^ ' (0) = p£ /y^, £/ie punctures of the 
canonical supersphere represented by Q\ jOOo Q2 are 

00, s p o F^izi^x), s p o F^te-i, s p o Fi 2) (zi, 9[), 

s p o i^Cd, -4 1} (0), s P o 

s p o F^(z m ^i,6 m ^i), 0; 
and i/ie local coordinates vanishing at these punctures are 

^ ) o(4 1) r 1 "»;V/'). 
° ° (4 2) ) _1 SpH™, p), h { 2i o s {< _ lK _ l} o (f™)- 1 ° V, p), 

H™o(fW )-i 08 - l (w,p), 
ffffl WA+0 ° (^aV 1 o sjV, p), .... 
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respectively. 

(5) When i < m and n = 0, writing F^\o) = p G /\ oc , the punctures of the 
canonical super sphere represented by Qi jOo Q 2 are 

oo, s p o f£\zi,6i), ...,s p o F^\zi-i,9i-i), s p o 

SpO^^-l^m-l), 0; 

and i/ie Zoca/ coordinates vanishing at these punctures are 

H^oiF^y'os-^w^), 

ffi+i ° <W,e i+ i) (-Fa 5 ) -1 ° s p V, />)> -. 

respectively. 

Moreover, the components F^ and of the uniformizing function can be 
expanded in formal power series such that 

(2.20) F£\x,<p) = F^o S{ziA) (x,ip) 



(ao /2 ,A,M,®,M) = (a { £ ,M« ,B<°) ,iV«») 
(a ( l ) /2 ,^,A4,B,A') = (aQ ) ,A( i ),M( i ),B(0),Ar(0)) ' 



(2.21) Fi 2) (x,^) - F (2) 
w/iere 

(2.22) - 6XP (.^ + -(^^ 
F< 2 > = exp(-* 2L (x,<p))-(ag>) 2L °^) . 

(2.23) eXP (~5 (*^" (a! '^ + *J-i G J-T (iC ' ¥,) )) ' {X ^ ] 
are formal power series in 

xC[al , a~ *] [[A, B}][M,Af] [[aT 1 ]] [<p] and xC[<4 , ^HiA B]] [M,M][[x]] [<p] , 
respectively, and where 

(2.24) = (*i.* J --j)(«oM.MB,AO 

are a unique pair of sequences in C[a^ 2 ,a Q 1 ^ 2 ][[A,B]][M,Af\, for j G Z, such that 

(2.25) - (-^.-^..il + PiKUMB,^ 

(2.26) (*_,-, = {-a^Bj-a-^N^) +V-j(al,A,M,B,Af), 

(2.27) * = + Po(al,A,M,B,N), 
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1/2 

each Vj(a ,A,A4,B,Af), for j G 1, contains only terms with total degree at least 
one in the Ak 's and M-k-i/2 ' s ; f or k G Z+, and with total degree at least one in 
the Bk 's and Nk-1/2 ' s ; f or k S Z+. 

In particular, letting t 1 / 2 be a complex variable, and letting 

/or j e 3Z. TTiera ^-(i 1 / 2 ) € A 00 [[* _1/2 >* 1/2 ]] anrf */ <9i Q2 exists, then the 
series ^(i 1 / 2 ), /orj 6 iZ, are convergent when \t 1 / 2 \ < 1, and £/ie values of these 
convergent series are equal to the coefficients \&j 0/ i/ie power series \2.2U\) and 

Finally, using this solution of the uniformizing function F given by ana 
F' 2 ), we obtain the canonical element of SK(m + 71—1) representing the sewn 
spheres by taking E -1 of each of the local coordinates given in (1) - (5). 

Remark 2.4. The moduli space of JV" = 1 superspheres with tubes, SK, along 
with the sewing operation and the action of the symmetric group defined in Section 
E21 is an example of a partial operad (cf. |Mj, [HTT] . [rTT2|. |H2]). 

The element of TL with all components equal to will be denoted by (0, 0) or 
just 0. Note that the local coordinate chart corresponding to (1, 0, 0) G (Aoo) X x ^ 
is the identity map on /\ M if the puncture is at 0; the shift sr Zi> $A (w, p) = (w — zi — 
p9i,p — 6i) if the puncture is at (zi,9i); and I(w,p) — (l/w,ip/w) if the puncture 
is at 00. We will sometimes refer to such coordinates as standard local coordinates. 
From Theorem 12 .31 we see that SK has a unit under the sewing operation given by 
e = (0, (1,0)) G SK(1), i.e., for Q G SK(n) and < i < n, the i-th puncture of Q 
can always be sewn with the 0-th puncture of e, the first puncture of e can always 
be sewn with the 0-th puncture of Q, and we have Q jOOo e = Q = e ±ooo Q. From 
the geometry of sewing defined in |B4| . the following associativity of the sewing 
operation is obvious. 

Proposition 2.5. ( B4 ) Let I G Z + and to, n G N such that I + to — 1 G Z+, and 

let Qi G SK(l), Q2 G SK(m), Q3 G SK(n), and i,j G Z + such that 1 < i < I, and 
1 < j < J + to — 1. TTie iterated sewings (Q\ ^coo Q2) jOOo Q3 exzsi «/ «?id onJ?/ if 
one of the following holds: 

(i) j < i and the sewings (Qj jOOo Q3) i+n-1000 Qi exist, in which case 

(Ql iOOq Q2) jOOo Q3 = (<2l j'OOo Q3) i+n-lOOo Ql\ 

(ii) j > i + m and the sewings (Q\ j_ m+ iooo Q3) iOOo Qi exist, in which case 

(Qi iOo Q 2 ) j-ooo Q3 = (Qi j-m+i°°o Q3) iOo Q2; 

or 

(Hi) i < j < i + to and the sewings Q± ^000 (Q2 j-i+iooo Q3) ea;isi ; in which 
case 

(Qi iOo Q 2 ) jOo Q 3 = Qi (Q2 j_i+ioo Qs)- 
2.5. Superspheres with one, two, and three tubes. 

Proposition 2.6. ( B4]j Any element Q G SK can be obtained by sewing the fol- 
lowing types of elements of SK 
(1) (0) G SK(0), 

(ii) ((A(°),M(°)),(a™,A«,M«)) ESK(1), 
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(Hi) ((z,0); 0,(1,0), (1,0)) eSK(2). 

It is clear from the definition of sewing that SK(1) is a partial monoid. In the 
following proposition, we give some subgroups of SK(1). 

Proposition 2.7. flEHJ Let s,t € AlL> and (A M ) G A»- Assume 

s(A,M),t(A,M) € 7Y. 

T/ien (s + t)(A, M) g 6ott 

(0,(l,i(AM)) ioo (0,(l,s(A,M)) 

and 

(s(A,M),(l,0)) lO o (t(AM),(l,0)) 

exist, and we have 

(2.28) (0,(l,(s + t)(A,M))) = (0, (l,t(A,M)) iooo (0,(1, s(A,M)), 

(2.29) ((. S + t)(A,M),(l,0)) = (s(A,M), (1,0)) lO o (i(A,M), (1,0)). 

In particular, for (A, M) g W, t/ie sets 

(2.30) {(0,(l,t(A,M)) |teA»> i(AM)gW} 
and 

(2.31) {(t(A,M),(l,0)) |te AL, i(AM)GW} 

are subgroups of SK(\). In addition we have the subgroups given by taking A = 
or M = 0m IQfl)) and 1P7)) . 

Proposition 2.8. (HU,) Let zi,z 2 g AL such that l( z i)s| > I(^)b| > \{zi)b - 
[z2)b\ > 0. Then 

((zi, Oi), (22, 9 2 ); 0,(1,0), (1,0), (1,0)) = 

(2.32) - ((z 2 ,0 2 ); 0,(1,0), (1,0)) lO o ((*i -*2 - flifcA - ft»); 

0,(1,0), (1,0)) 

(2.33) = ((^A); 0,(1,0), (1,0)) 2 co ((z 2 ,0 2 );O, (1,0), (1,0)). 

Remark 2.9. Proposition 12 .81 is used in SectionElto prove the associativity prop- 
erty for an N = 1 Neveu-Schwarz vertex operator superalgebra with odd formal 
variables obtained from an N = 1 supergeometric vertex operator superalgebra. 
Thus Proposition 12.81 can be thought of as a geometric version of this algebraic 
relation. 

Let (a, m) g /\™, and k, I g Z+, and define 

(2.34) (A(a,k),M(m,l - 1/2)) = ({A, | A* = a, A, = 0, for j ^ k}^ %+ , 

{M 3 ^ | Ml _ h = m, Mj_i = 0, for j + 

which is an element of Aoo' 
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Proposition 2.10. <^B4] ) For (z,8), (z ,9 ) 6 /\oo such that < l( z o)s| < \zb\, 
we have 

(0o + 2 + o e, e + e ) ; o, (i, o), (1, o)) = 

((*, 8);0, (1, 0), (1, 0)) lOO0 {(A(-z , 1), M (-0 O , 1/2)), (1, 0)). 

Let e g AL- From the definition of SK(0), we see that (0, M (e, 3/2)) g Sif (0). 
Let F be any element of SD(1), and (z, 6*) € Aoo- We define a linear functional on 
SD(1) by 



(2.35) g e (z,8)F=—F 
ae 



c=0 



Proposition 2.11 

(2.36) g e (z, 0)=J2Y. z-( 2k -^- 2+k 



(((*,0); 0,(1,0), (1,0)) lO o (0, M(e, 3/2))} 
4],) TTie linear functional Q e (z,8) is in T e SK(l), and 

d 



k=0j(. 



dM (k \ 



20 z" 



,1 d 



2 daW 



EE 



,-(2fc-l)j-2. 



s 



2.6. An TV = 1 Neveu-Schwarz algebra structure of central charge zero 
on the supermeromorphic tangent space of SK (1) at its identity. In B4 

we define a bracket operation on a subspace T e SK{\) of the supermeromorphic 
tangent space T e SK(\) of SK(l) at the identity e. This subspace T e SK(l) is the 
subspace of T e SK{l) consisting of all finite linear combinations of 



proposition. 



and 



8M 



3-1/2 



'ale' aA <0) 

3 

for j G Z + . In B4j , we prove the following 



Proposition 2.12. /^ |B4| ) The vector space T e SK(l) with the bracket operation 
defined in |B4| is the N — 1 Neveu-Schwarz algebra with central charge zero. The 
basis is given by 



(2.37) 
(2.38) 
(2.39) 
(2.40) 

(2.41) 



QU 



C(0) 



d 



dA 



(0) 



9Af 

18_ 
'2~da~ 
d 



dM 



(o) 



00 " 5 ) 



9M 



(i) 



for - j g Z+, 
/or j e Z+, 

, /or -j g Z + , 

s 

/or j g Z+. 
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3. The sewing identities on modules for the N = 1 Neveu-Schwarz 

ALGEBRA 



In this section we recall from |B4| the sewing identities on modules for the N = 1 
Neveu-Schwarz algebra, as, arising from the sewing operation on the moduli space 
of superspheres with tubes. 

3.1. Modules for the ns. For any representation of ns, we shall use L(j), G(j — 
1/2) and c G C to denote the representation images of Lj, Gj_x/2 and d, respec- 
tively. 

Let V = Uke(i/2)z, V(k) be a module for ns of central charge c £ C (i.e., dv = 
cv for v G V) such that for v S V(fc), we have L(0)v = kv. Let P(k) be the 
projection from V to Vn^. For any formal variable t 1 ^ 2 and I G 2Z \ {0}, we 
define (tV*)"^) e (End ^[[t 1 / 2 ,*- 1 / 2 ]] by (t 1 / 2 ) 1 ^ ^ = (t 1 / 2 )^ for v G Vfo, or 
equivalently {t^ 2 ) lL( ^v = E Ae (i/ 2 )z P{k)(t 1/2 ) kl v for any deF. 

Let Vp be a vector space over C with basis {P& | G (1/2)Z}. Let T(ns © Vp) 
be the tensor algebra generated by the direct sum of ns and Vp, and let X be the 
ideal of T(ns © Vp) generated by 

j.L TO © L n — L n © i m — [L m , L„], L m © G„_ i — (*n— § ® ^ m — [L m , G n _i\ , 
G ro+ i ® G n _i + G„_i <g> G m+ i - [G m+ i,G n _i], L n <g>d-d®L n) 
G n _i ®d-d® G n _ i , Pj © P k - 5j, k Pj, Pj ®L n -L n ® P j+n , 
Pj © G n _i - G n _i © P j+n -i, Pj<g>d-d®Pj \m,n€Z, j, k G |z|. 

Then Up(xvs) — T(ns © Vp)/T is an associative superalgebra and the universal 
enveloping algebra {/(as) of ns is a subalgebra. Linearly Up(ns) = {/(as) © Vp. 
For any even formal variable t 1 ! 2 and 2 G 2Z \ {0}, we define 

(ti) lL °= p ^ th ) kl 6 C/p(ns)[[^,t-5]]. 

fce±z 

Then for /, n G 2Z \ {0}, and m G Z, 

(t') ,L »L m = L m (t5)-'-(^)^o ) 
(f*) ,io G m _i = G m _x(a)-K--D^o ) 

and (i 1 / 2 )'-^ commutes with d. From |B4| . we have the following proposition. 

Proposition 3.1. Let V be a module for ns as above. Then there is a unique 
algebra homomorphism from Up(ns) to End V such that Lj, Gj-1/2, d and Pfc are 
mapped to L(j), G(j — 1/2), c and P(k), respectively, for j G Z and k G ^Z. 

If VrfA — for n sufficiently small, then we say that V is a positive energy module 
for as and that the corresponding representation is a positive energy representation 
of as. 
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3.2. The series T and * J _ 1 / 2 } je z. Let .4 = {A J } je z + and S = {Bj} je z + 
be two sequences of even formal variables, let M = {M-j -1/2} jez + and N = 

1/2 

{A/^-i /2}jez,+ be two sequences of odd formal variables, and let a be another 
even formal variable. 

Proposition 3.2. fB4 . BHL ) Let ^j, for j £ ^Z, &e t/ie canonical sequence of 
formal series given by Theorem \2.'d\ There exists a unique canonical formal series 
r = T(a /2 ,A,M,B,Af) £ (C[«o /2 , a~ 1/2 ][[.4, B]][M, A/]) sucA that 

(3.1) r = g ((^) V'^Bi + (^f i )«b" i+ *^-i^j-i) + r ° 

where Fo contains only terms with total degree at least three in the Aj 's, M.j-1/2 's, 
Bj 's, and Afj-1/2 's for j £ Z + with each term containing at least one of the 
Aj 's or M.j_ 1 j 2 's and at least one of the Bj 's or Nj—1/2 's, and such that in the 
C[a /2 , a' 1 ' 2 ] [[A, B]][M,Af}- envelope of U P (ns), we have 

(3 . 2) -ll^^+M^G^) {a l y2Lo e -E )S+ (^- J+ ^ 4G _ J+| ) 



s E jeZ+ (*-^-i+*_ i+ iG_. +i ) e E ieZ+ (^^+*,_iG._i) e 2* oLo ( a hy2L e Tc 



Remark 3.3. In B4 we use the sewing identities on the moduli space on N = 1 
superspheres with tubes to prove Proposition 13.21 above . In BHL , we give a more 
straightforward and Lie-theoretic proof of Proposition 13.21 by proving a certain 
bijectivity property for the Campbell-Baker-Hausdorff formula in the theory of Lie 
algebras. This allows us to prove Proposition 13.21 directly for Up(ns) rather than 
go through the representation in terms of superderivations and then lift to £/p(ns) 
as we did in El, IbH. 



Let V — Iifce(i/2)z V(k) be a module for ns, and let L(j),G(j — 1/2) 6 End V 
and c £ C be the representation images of Lj, Gj_ 1/2 and d, respectively, such that 
L(0)v = kv for v £ V(k)- 

Corollary 3.4. flgQ) In the C[a Q /2 , 1/2 }[[A, B]][M, M\-envelope of End V, we 
have 

(33) e -E ie z + (^«+AV§ G 0'-i».( a i^^ 



. e 2* i(o) . (4)- 2i(0) • e Vc . 
Furthermore, the formal series F and ^j, for j £ ^Z, are actually in 

C[A][M}[B\W\[[or o h- 

Thus letting (A, M) and (B,N) be two sequences in /\^°, letting an £ (A*)*? an & 
letting t 1 ! 2 be an even formal variable, we have that 4 f j(t _1 / 2 an, A, M, B, N), for 
j £ ^Z, and F(i _1 / 2 an, A, M, B, N) are well defined and belong to A*H* ]]• V ^ n 
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addition, V is a positive- energy module for ns, then the following identity holds in 
(End (A*®c*0)°[[i 1/2 ]]- 

(3.4) e -£W^)+M._ iG «-§)) . (t -* OQ) -2L(0). 

, e -T, 36 z + (B j L{-j)+X._^G{-j+^)) _ 

E^z + (*-f(*~^»n.^.M,B,JV)i(-j)+* _ j+i (t-^op,A,Af,B,JV)G(-3+J)) _ 
E,ez, (*3(t"5a D ,A,M,B,JV)i(i)+* 1 (t-3a D ,A,M,B,JV)G0'-i)) 

• g + J 2 • 

. e 2* (t-2a n ,A,Af,B,JV)L(0) . ,£-.1 x-2£(0) . e r(t~* a D ,A,M,B,JV)c_ 

Before introducing the definition of AT = f supergeometric vertex operator al- 
gebra, we present the following conjecture. The Isomorphism Theorem, Theorem 
18.11 only holds when this conjecture is true, or in the trivial case in which the rep- 
resentation of the Neveu-Schwarz algebra being considered has zero central charge. 

Conjecture 3.5. Let Q\ G SK(m) and Q2 G SK(n) be given by 

Q l = ((zuOt), (z m _i, m _i); (AW, M<°>), (a«, AW, M«), 

...,(o (m U M .^ W )), 

and 

Q 2 - ((4, (S (0) , ^V (0) ), (& (1) , iV (1) ), (6 W ,B (n U W )). 
If the i-th tube of Qi can be sewn with the 0-th tube of Q2, then the t 1 ! 2 -series 

is absolutely convergent at t 1 / 2 = 1. 

We have already noted the convergence property of the vE'/s in Theorem 12. 31 

3.3. The series {Q^ , ef\ /2 } jeZ and {ef \ ef\ /2 } je z. Let 

■(al' 2 r 2L ^-{ X ^) 

= E(al /2 ,A,M)(x,ip). 

Let 

= {H^ am )-\x, V ) G («q 1 x, « V) + xC[x, <p] [aQ^llA]} [M] . 

Let w be another even formal variable and /? another odd formal variable. Then 

rx(i) -1 1 -1 -1/2 \ • • 

s {x, v )°H\^ AM os { .- ) {a (3 w,a p)ism 

wC[x, <p] [4 > «o ' ] P]] [X] [M] © pC[x, [af , «o 1 ] [[^]] [M] [H] , 
is superconformal in (w, p), and the even coefficient of the monomial p is an element 
in (1 + xC[x][a /2 ,a- 1/2 }[[A\}[M] @<pC[x][o^ /2 ,o^ 1/2 ][[A]][M]). 
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Let Of = efVo^AM^)) e C[x,v][al'\a l/2 ][[A]][M], for j e ±N, 
be defined by 

(3.5) (exp(6^ (a| , A, M, (x, {ef > (aj, A .M, (s, p)), 

= ^("m ° ^/"^ ° "SflK" V «o V))- 

In other words, the 0^ s are determined uniquely by 

-«p(j: (e<>>(„-A + ( i±I^|) +efV (£-,£)))■ 

-p(ef» (2»^ + p|)).(»,rt. 

This formal power series in (u>, p) gives the formal local superconformal coor- 
dinate at a puncture of the canonical supersphere obtained from the sewing to- 
gether of two particular canonical superspheres with punctures. Specifically, given 
a canonical supersphere Q\ representing an element in SK(m) 

Qi = • • • , (z m -i,e m -i); (A<°\ M (0) ), (o&U (I U (1) ), ■ ■ ■ , 

(a^ m) ,A( m \M( m ))) 

and a canonical supersphere Q2 G SK(2) with standard local coordinates given by 
Q 2 = {{z,e);I(w,p),s {z ^(w,p),{w,p)) = ((*,0);O,(1,O),(1,O)) 

and if \zb\ < T where r is the radius of convergence of E(a { ™ ] , , Af (™) ) (to, p) = 

(m) ^( m ) Mf""))^' ^ ^ en we can sew ^ e P unc t ure a t infinity of Q2 to the m-th 

puncture of Q±. In this case, the uniformizing function is given by F^(w,p) — 

(w,p)<mdFg\w,p) = (E(a^\A^),M^)))-Hw,p) = (^L^^)"^ P )- 

Thus the resulting canonical supersphere is given by case (1) of Theorem 12. 31 and 
we have 

<2imOc Q 2 = ({ Zl ^),...,{z m - 1 ,6 m - 1 ),{H$)-\z,8)-,{A( Q \MW), 
(a* 1 ' , A™ , MW), . . . , (a^^ , A^- 1 ) , M 

o S(z , 9) o fl£> ^^^((aW)^, (^"V V)) 
= ((^A), (^-1,^-1), (H^y^z, 6); (A<°>, AfW), 
(ag ) ,AW,M«),...,(a^- 1) ,A( ro - 1 ),M( ro - 1 )) ! 

(expe«,{6f ,e«,} iez+ )) 

where (exp0Q , 6 ._i}jez.) is given formally by (|3.5|) . with (ckq ,A,.M) = 

(a^ m) ,A( m ),M( ro )) and (x, <p) = 
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In Section 7, in order to prove that given an N = 1 NS-VOSA we can construct 
an N — 1 SG-VOSA, we will need the following proposition concerning the series 
&f\ for j e ±N. 

Proposition 3.6. In (U(ns)[x, <p][al /2 , 1/2 }[[A\][M}) Q , we have 

+ ^((7T?) a »H-i + ^A) G „ +i )) 

= e ((5-ao^)i-i + (*-«o 1/2 v)G_i) e (-E jeS+ (^ 1)L J + e ^i G J -i)) . e (-2e^L ) 

/or (x,ip) = (H^ /2 ^ M )- 1 (x,(p). 

Let V = Llfcg^/ajz V(k) be a module for ns, and let L(j), G(j — 1/2) 6 End V 
and c € C be the representation images of Lj, Gj_i/ 2 and d, respectively, such that 
L(0)v = kv for v £ V/fc). 

Corollary 3.7. flBQ) In ((End 7) [at, ^][«o /2 , a~ 1,2 ][[A]][M]f , we have 



(3.6) exp ^ 

V m=-ljeZ+ 



.7 + 1 

m + 1 



((^ + 2 ferjf) alx-^M^Lim) 



= e ((x-ao 1 x)L(-i)+(#-« G - 1 /» v , )G( _ 4) ) >e (-E, 6 ^(eJ 1) £Cj)+e^ i Gy-4))) i 

e (-2e< 1 >L(0)) 

/or (x,£) = (ff^ /2 _ 4 ^)- 1 (x,^). 

Furthermore, the formal series Qj (i _1 / 2 aj!/ 2 , A, A4, (x, </?)), /or j G ^N, are m 
CIx,^]^]^]^ 172 ]!^ 1 / 2 ]]. Thus for a n e (A°) x , and (A, M) 6 AT, the series 
9j 1) (t -1 / 2 o D , j4,M, (x,ip)),forj £ |N, are weH defined and belong to /\^[x, ip][[t 1/2 ]}. 

Let (x^ 1 / 2 ), (^(i 1 / 2 )) = -ff t _i/2 a ^ jv/(- c j < / 9 ); anc ' ^ ^ ^ e a positive- energy module 
for ns. Then in ((End (A^ <8cV))[[t 5 ]][[a;,a; _1 ]][^]) , the following identity holds 
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for e?> = Of } (i-V2 an , Ai M , (x, if)). 

(3.7) exp(-£ E(L + + \} j ^ 2j * j - m 

+ .-'(yr^ H+ ^)G( ffl + i))) 

= exp ((x(ti) - ta^ 2 x)L{-\) + - t*c£ V)<3(-^)) ■ 

exp(- ^ (ef >L(j) + e«,G(j - 1))] • cxp (-26«i(0)) . 



Let 



tf( 2 >(^) = exp( ^(B^ j ( I) 0+^.iG_ j+ i( I ,^].(i 



1 



Let 

= (tfg^-io/^) e (a . j¥ ,) +C [ a ;- 1 ^][[S]][An. 

Let w be another even formal variable and p another odd formal variable. Now 
write st Xilp \(w, p) = (—x + w — ptp,p — <p). We will use the convention that we 
should expand (—a: + w — pip)i = (—x + w)- 7 — jp<f(—x + w)^ 1 in positive powers 
of the second even variable w, for jeZ. Then 

s M° rl ° ff w os ( i y«'./') e wc[x-\ V }[[B]}[mM}®pc[x-\ V }{[B}mMi 

is superconformal in (w,p), and the even coefficient of the monomial p is an element 
in(l+x^C[x-\^[[B]]W]). 

Let Of ) = Qf>(B,M, (x, <p)) G C^ 1 , ¥?][[£]] [A/], for j e 5N, be defined by 

(3.8) (ex P (e( 2) (S,^,(x^)),{ef\s,AA,(^^)),ef_ ) ,(B,AA,(x^))}^ z J 
(2) 

In other words, the 9^ s are determined uniquely by 
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This formal power series in (w, p) gives the formal local superconformal coor- 
dinate at a puncture of the canonical supersphere obtained from the sewing to- 
gether of two particular canonical superspheres with punctures. Specifically, given 
a canonical supersphere Q\ representing an element in SK (2) with standard local 
coordinates given by 

Qi = ((z, 6);I(w, p), s (z , e) (w, p), (w, p)) = ((z, 9); 0, (1, 0), (1, 0)) G SK{2) 

and a canonical supersphere Q2 G SK(1) given by 

Qr = NW), B« 7V«)) G SK(1), 

and if \zb\ > T where r is the radius of convergence 

(2) 

(B(°) at(o))( u; '' 9 )' then we can sew the puncture at infinity of Q2 to the second 
puncture of Q\. In this case, the uniformizing function is given by F^\w,p) — 
(i3,^ (0) jy(o))) -1 H W >P) an< i F&\ w iP) = { w iP)- Thus the resulting canonical 
supersphere is given by case (1) of Theorem 12.31 and we have 

Qi2^oQ 2 = ((ffgU^o,)) -1 ^^^);^,^), 

& ~ X os ^ oI ~ X 0, (^ ) )- 1 w) (u '" )l 

(ex P e< 2 \ { ef , e« }, ez+ ), (&« , s« , iv« )) 

where (exp , {ef } , G (2 \ } i6Z+ ) is given formally by , with (6, A/") = (B^ , ) 
and (a;, (/?) = (z, 6*). 

In Section 7, in order to prove that given an N = 1 NS-VOSA we can construct 
an N — 1 SG-VOSA, we will need the following proposition concerning the series 
ef\ for j G |n. 

Proposition 3.8. flEIJj In (Z7(ns)[x -1 , ¥>][[S]][A/])°, we /itwe 

= e ((s-»)i-i+(#-rtG_ 4 ) , e (-E iez+ ( e f^+ e f4^-i)) . e (~ 2 e< 2 »L ) ; 

w/iere = (i^jv) -1 oI(x,ip). 

Let V = IIfcg(i/2)z V(k) be a module for ns, and let L(j), G(j — 1/2) G End V 
and c G C be the representation images of Lj, Gj_x/2 and d, respectively, such that 
L(0)v = kv for v G V/m. 
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Corollary 3.9. (BA ) In ((End V^x' 1 , y][[B]][N])° , we have 

(3.9) exp(f] Y, (2tl) X ~ j ~ m (( Bi + 2 ^1-l) L{m) 

\n=-l jeZ+ ^ ' ^ 

= e ((«-»)L(-i)+(*-^G(-i)) . e (-S ie , + ( e ^ i «+ e f-| G W-4))) . e (- 2 e^M0)) ; 

/or (i^) = ( J ffg] v -)- 1 o/(x,^). 

Furthermore, the formal series O t 'p({t k Bk,t k ~ 1 / 2 Afk-i/2}kez + ,(x,ip)), for j £ 
|N, are m C^" 1 , <£>][#] [A/] [[t 1/2 ]]. T/ius /or (B,JV) £ AiT> ^ e se " es 

9f\{*B h ,1*-iN k _ i } k&+ ,{x,<p)) 
are well defined and belong to /\*[x~~ 1 , V 3 ] [[^ 1/ ' 2 ]] ■ 

Let (x(jtV 3 ),<p{t 1/2 )) = C ff {2B,,i 3 -i/^._ 1/2 } iez+ ) _1 <™d '«* ^ &e a 

positive-energy module for ns. Then in ((End (A* ®c^))[[^ 1//2 ]][[^, s; -1 ]]^]) , tAe 
following identity holds for = Qf\{t k B kl t k ' 1 / 2 N k _ 1 / 2 }kei + ,{x,ip)). 

(3.10) exp(£ ^ (^' + 1 )x-^((^ J B i +2^'-ijV J ._,)i(m) 

+ (**-*^i- 4 + ^- lt ^^)Gf(m + i))) 
= exp ((x(ti) x)L(-l) + - V )G{~)\ • 




4. N — 1 SUPERGEOMETRIC VERTEX OPERATOR SUPERALGEBRAS 

In this section we introduce the notion of N — 1 supergeometric vertex operator 
superalgebra. 

4.1. Linear algebra of ^Z-graded A*- m °dules with finite-dimensional ho- 
mogeneous weight subspaces. Let 

v = II v w = II v (% ® II v k = y°®v 1 

fce|z fce^z fce^z 

with 

dim V( k ) < oo for k £ — Z, 

be a |Z-graded (by weight) A*- m odule with finite-dimensional homogeneous weight 
spaces V(k) which is also Z 2 -graded. Let 

v = II n« 
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be the graded dual space of V, 

v = n v (k) = ( v T 

the algebraic completion of V, and (■. ■) the natural pairing between V' and V. For 
any n £ N, let 

SF v {n) =Hom A> (y®",y). 

For any m £ Z+, n £ N, and any positive integer i < m, we define the i 1 / 2 - 
coniracfeion 

: SF v (m) x 5f v (n) -» Hom(V l8(m+n - 1 \ V[[*',t-*]]) 

(/,S) ^ (/ i*0 Sf)*i/a, 

by 

(4.1) (/i* <8 ■ • ■ ® V m+n -i) 
fcGfZ 

for all vi, ...,w m+ „_i £ V, where for any k £ |Z, the map P(k) : — > V(m is the 
canonical projection map. This is an obvious extension of the notion of i-contraction 
given in H2 . 
Let 

(4.2) {eg £ V {k) \keh, lW = 1, ...,dimV {k) } 
be a homogeneous basis of V, and 

(4.3) {(eg,)* e vfo | fe £ ~z, z« = i, ...,dimy w } 

the corresponding dual basis of V . In terms of these bases, the definition of t 1 / 2 - 
contraction can be written as 

dim V(fe) 

= ^2 ^2 ft" 1 ® ' ' ' ® ® *« ® ® ' ' ' ® 

fce^Z i< fc '=l 

for any u X) ...,% +n -i £ V. 

If for arbitrary u' £ 1/', Ui, u m + n -i £ V, the formal Laurent series in t 1 ^ 2 

(v', (/ i *0 ff)ti/2(«l ® •• • ® Wm+n-l)) 

is absolutely convergent when t 1 / 2 = 1, then (/ , *o .9)1 is well defined as an element 
of STv{m + W — and we define the contraction (/ j * ff) i> n SJ-y{m + n — 1) 
of f and g by 

(/ i *o g) = (/ i *o g)i- 

The following associativity of the ^^-contraction follows immediately from the 
definition. 
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Proposition 4.1. Let I G Z+ ; and m,n G N suc/i £/wrf £ + to — 1 G Z+, and let 
fi € 5JF\/(Z), /2 G ^^^(to), /3 G STv{n), and i,j G Z+ such that 1 < i < I, and 
1 < j < I + m — 1 . TTien one of the following holds: 

(i) j < i and as formal power series in t\ and t\ 

((/l i *0 h) t y* j *0 /3) t i/2 = ((/l j *0 /3) t V2 j+n-1 *0 h) t y* i 

(ii) j > i + m and as formal power series in t\^ 2 and t^ 2 

((/l i *0 /2) t V2 j *0 /3) t i/2 = ((/l j-m+l *0 /3) t i/2 i *0 h) t i/ 2 ', 

(Hi) i < j < i + m and as formal power series in t\ and 

((/l i *0 h) t i/ 2 3 *0 fz)^ 2 — (/l i *0 (/2 j-t+l *0 /3) t i/2) t i/2. 

Remark 4.2. Note the similarity between Proposition 14.11 and Proposition 12.51 
This similarity is due to the fact that both the sewing operation on the moduli 
space of N = 1 superspheres with tubes and the ^^-contraction define the formal 
substitution maps for a partial operad structure (cf. [M], |HL1| . [HL2] ) on the 
moduli space of N — 1 superspheres with tubes and on the n-ary functions from V 
to Vfl* 1 ' 2 ,* -1 ' 2 ]]) respectively. The fact that the associativity of the contraction 
itself relies on a certain series being doubly absolutely convergent means that the 
contraction defines only a partial "pseudo-operad" (cf. |HL1| . |HL2p since operad 
associativity is not automatic. 

In addition, an operad has an action of the permutation group which we define 
below for these n-ary functions. 

Let (k I) G S n be the permutation on n letters which switches the fc-th and 
i-th letters, for k, I = l,...,n, with k < I. We define the (right) action of the 
transposition (k I) on V® n by 

(vi ® • • • <g> v k -i ®v k ® v k +i ® • ■ • <8 V1-1 ® vi ® v l+ i ® • • • ® v n ) ■ (k I) 

= (-l) v(k !) (Ui <g> • • • <g> V k -i iglVl® V k+ i ® ■ ■ ■ ® Vl-x ®V k ® Vl+i ® ■ ■ ■ ® V n ) 

for Vj of homogeneous sign in V, where 

rj(kl)= ^ V{ v j){v{ v k) + vi v i)) +v( v i) r l{ v k)- 

Let o~ G S n be a permutation on n letters. Then o~ is the product of transpositions 
o~ = o~\ • • • o~ m , o~i = {ki li), for ki, U — 1, n, with ki < i = 1, m. Thus we 
have a right action of S n on V® n given by 

(«i <8> • • • ® u„) • (J = (ui ® • • • ® u„) • cti • • • cr ro • 

= (-l)*)+-+« Ml)8 ... 8Mn) 

= (-l)" (<T V(i) <8> ■■■®v a{n) . 

This right action of S n on n-tuples in V, induces a left action of S n on 5^"y(n) 
given by 

(cr • /)(«! ® • • • ® U n ) = /(("I ® ' • " ® «n) " 0")j 

for / G ST v {n). 

Since V is Z2-graded, End V has a natural Z2-grading and a natural Lie super- 
algebra structure. If P G End V, the corresponding adjoint operator on V' , if it 
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exists, is denoted by P'. The condition for the existence of P' is that the linear 
functional on V defined by the right-hand side of 

(P'v',v) = (v',Pv), forv G V, v e V 

should lie in V . If there exists n G \l such that P maps Vqa to V( n+ k) for any 
k G |Z, we say that P has weight n. Note that P has weight n if and only if its 
adjoint P' exists and has weight — n as an operator on V'. In addition, P is even 
(resp., odd) if and only if its adjoint is even (resp., odd). In the case that V is a 
module for ns graded by the eigenvalues of L(0), the adjoint operator L'(—n) for 
n G Z corresponding to L(—n) exists and is even with weight n, and the adjoint 
operator G'(—n — 1/2) for n G Z corresponding to G(—n — 1/2) exists and is odd 
with weight n + 1/2. 

4.2. The notion of N = 1 supergeometric vertex operator superalgebra. 

Definition 4.3. An N = 1 supergeometric vertex operator superalgebra over /\ + 
(N = 1 SG-VOSA) is a |Z-graded (by weight) /y^-module which is also Z 2 -graded 
(by sign) 

v = II y w = II F w ® II ^ = y ° ® yl 

fce±z fce^z fce±z 

such that only /\ t C acts nontrivially on V, 

dimV(fej < oo for fc G — Z, 

and, for any n£l, a map 

z/„ : SK(n) — > 5J-V(n) 

satisfying the following axioms: 

(1) Positive energy axiom: 

= for k sufficiently small. 

(2) Grading axiom: Let v' eV',v<E V {k) , and a G (Al) x - Then 

<i/,^(0,(o,0))(i;)> =a- 2fe ( V ', V ). 

(3) Supermeromorphicity axiom: For any n G Z+, v' G V, and G V, 
the function 

Q >-» («', ^n(Q)(«l ® • • • ® Wn)} 

on SK(n) is a canonical supermeromorphic superfunction (in the sense of H2.1Hjl ). 
and if (zj, #i) and (Zj, 8j), for i, j G {1, n}, i ^ j, are the «-th and j'-th punctures 
of Q G SK(n), respectively, then for any Vi and Vj in V, there exists N(vi, Vj) G Z + 
such that for any v' G V and vi £ V, I ^ i, j, the order of the pole (zi, Qj) = (zj,9j) 
of (v',u n (Q)(vi ® • •• ®v„)) is less then N(vi,Vj). 

(4) Permutation axiom: Let a £ S n . Then for any Q 6 SK(n) 

°~ ■ (v n (Q)) = v n {o ■ Q). 

(5) Sewing axiom: There exists a unique complex number c (the central charge 
or ranfc) such that if Q\ G SK(m) and Q2 G SK(n) are given by 

Qi = ((zi, (z m _i, m _i); (^°\ M<°>), (a^ 1 ), A«, M«), 

...,(a (m) ,A (m) ,M (m) )), 
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and 

Q 2 = ((z[,8[), .., (*;_!, (B®, JV<°>), (&«, B« JV«), (6<»>, fiW, JV^)), 

and if the i-th tube of Q\ can be sewn with the 0-th tube of Q2, then for any 
v' 6 V and ui, ...,D TO+n _i 6 V, 

(?/, (^m(Ql) j *0 ^n(Q2))ti/2(«l ® • • • <S> Wm+n-l)) 

is absolutely convergent when i 1 / 2 = 1, and 

V m+ n-l{Ql ,OO Q 2 ) = [Vm(Ql) i *0 U n (Q a )) e -r(. W ^^, B <'>,#)c 

Note that in this definition, we assume that Conjecture 13.51 is true. 
We denote the JV = 1 SG-VOSA defined above by 

or just by (V, v). 

We can extend this definition to Grassmann algebras over an arbitrary field F of 
characteristic zero. But in this case, we have to first introduce the notion of formal 
superspheres with tubes over the Grassmann algebra over F, and the sewing axiom 
will become a statement for certain formal series in even and odd variables with 
coefficients in this Grassmann algebra. 

Let (Vl,v) and (V2, /Lt) be two JV = 1 SG-VOSAs over and , respectively. 
A homomorphism of JV = 1 SG- VOSAs is a doubly graded A^-module map 7 : 
V\ — ► V2 such that if 7 : V\ — > V 2 is the unique extension of 7, then for any n € N 
and any Q G SK(n) 

Note that an JV = 1 SG-VOSA over some subalgebra of the underlying Grass- 
mann algebra is isomorphic to the same JV = 1 SG-VOSA over a different 
subalgebra. 

5. (Algebraic) JV = 1 Neveu-Schwarz vertex operator superalgebras 

In this section, we recall the notion of JV = 1 Neveu-Schwarz vertex operator 
superalgebra over a Grassmann algebra and with odd formal variables (JV — 1 NS- 
VOSA ) given in |B2| and |B3| and recall some of the consequences of this notion. 
In addition, in this section we give the formulations of supercommutativity and 
associativity for an JV = 1 NS-VOSA with odd formal variables. 

5.1. Delta functions with odd formal variables. Let X ■ X Q j X\ and X2 be even 
formal variables, and let <p, tpo, ipi and (p2 be odd formal variables. For any formal 
Laurent series f(x) E f\ooi[ x -> x ]]■> we can define 

(5.1) f(x + <p 1 <P2) = f(x)+<p 1 <p 2 f'(x) eAJfoar 1 ]]^^]. 

Recall (cf. |FLM| ) the formal S-function at x — 1 given by S(x) — X^ez 2 '™- ^ s 
developed in |B3j , we have the following 6- function of expressions involving three 
even formal variables and two odd formal variables 



X1-X2- y?iy?2 
x 



^2(Xi -X 2 - (pi(fi2) n X " 



. Xi - X 2 \ _!•// XX - X2 

= o[ - ipiip 2 X a 

x J V x , 
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where 5'(x) — d/dx 5(x) = X^ngz 71x71-1 > an d we use the conventions that a function 
of even and odd variables should be expanded about the even variables and any 
expression in two even variables (such as (x\ —X2) 71 , for n £ Z) should be expanded 
in positive powers of the second variable, (in this case £2)- 
From |B3j . we have the following two S- function identities 

(5.2) X ^S( X *+ X ° + <PM\ = x- 2 '5 fxi ~ X °- ^ 2 



Xl J \ x 2 



Xl - X 2 - <£l</>2\ -I J X 2 - Xi + lfiip 2 



(5.3) x Q S[ )-x S 



X J \ -Xq 



_l Xi - Xq - lfiip 2 

= x 2 5' 



•i'2 



The expressions on both sides of (|5.2|l and the three terms occurring in (|5.3|l all 
correspond to the same formal substitution xq — x\ — x 2 — <pi<p 2 . Letting V be any 
/^-module and for 

X(x ,tpo,Xi,tpi,X 2 ,ip2) G (End V)[[x ,Xq 1 ,Xi,Xi 1 ,X2,X2 1 ]][<Pi,V2], 

a formal substitution corresponding to xq = x\ — x 2 — (fitp 2 can be made as long 
as the resulting expression is well defined, e.g., if 

X[xi,ip-i,X2,<P2) G (End V)[[xi,Xi 1 ]]{{x 2 )) [^1,^2], 

then 



(5.4) d\ jX{xi,(pi,x 2 ,ip 2 j 

£2 + ^0 + ^1^2 
Xl 



X(x 2 + Xq + ipiip 2l ipi,X 2 ,(f 2 )i 



and (|5.4|) holds for more general X{xi, ipi, x 2 , ip 2 ) as long as the expression X{x 2 + 
xq + (pi(p2, <pi, x 2 , f 2 ) is well defined. Any such substitution corresponding to xq = 
xi — x 2 — (fi(p 2 can be thought of as the even part of a superconformal shift of 
(xi,(pi) by (x 2 ,(p 2 ). 

5.2. The notion of N = 1 NS-VOSA over /\^ and with odd formal vari- 
ables. 

Definition 5.1. An N = 1 NS-VOSA over /\ t and with odd variables is a ^Z- 
graded (by weight) /^-module which is also Z 2 -graded (by sign) 

(5.5) V = ]J V W = ]J V^j © [J V (k) = V°®V 1 

fce^z ke\i fce-Jz 

such that only C /\ acts nontrivially, 

(5.6) dimV(fc) < 00 for k G — Z, 



(5.7) 



V(m = for fc sufficiently small, 
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equipped with a linear map V ®V — ► V[[a;,a; ]][<^], or cquivalcntly, 
V — (End V)[[a;,a; _1 ]][p] 



v i-> Y(v,(x,tp)) = J2 v nX " 1 +P^2v n _ix- 



n-1 



nGZ riGZ 

where i>„ £ (End and v n _ 1/2 G (End T/)( f ^)+i) mod 2 for ^ of homogeneous 

sign in V, x is an even formal variable, and ip is an odd formal variable, and where 
Y(v, (x, </?)) denotes the vertex operator associated with v, and equipped also with 
two distinguished homogeneous vectors 1 G V,^ (the vacuum) and r € K3/2) (the 
Neveu-Schwarz element). The following conditions are assumed for u,v G V: 
(5.8) m„u = for n e |Z sufficiently large; 



(5.9) (^7 v)) = 1 (1 on the right being the identity operator); 

the creation property holds: 

Y(v,(x,ip))l eV[[x}][ip] and lim Y(v, (x, ip))l = v; 

(x,(p)—>0 

the Jacobi identity holds: 

_ (x,,^))^,^,^)) 

= X<2 \ X~ 2 J Y { Y { u A x 0,<Pl ~ <P2))V,{X 2 ,IP2)), 

for u, v of homogeneous sign in V; the N = 1 Neveu-Schwarz algebra relations hold: 
[i(m),L(n)] = (to - n)L(m + n) + ^(m 3 - m)(5 m+ „ i0 (rank y), 



G(m + l),L(n) 



G(m + i),G(n-i) 



for ra,neZ, where 
1, 



( m _)G(TO + n+ -), 

2i(m + n) + tt(to 2 + TO)(5 m+ „ i0 (rank V), 



i.e., 



(5.10) 



*2( n + 7: ) = T n+i 7 and 2L(n) = r n+ 1 for n G Z, 

z 2 



r(r,(x, V )) = 2G(n+^) a; -"-3-i + 2^ ^ L(n)x-"- 2 , 



and rank V G C 
(5.11) 

and the G(—l/2)-derivative property holds 
(5.12) 



L(0)v = kv for k G -Z and » £ Vj^; 



A + (x, tp)) = Y(G{~)v, (x, <p)). 
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The N = 1 NS-VOSA just defined is denoted by (V, Y(; (x, ip)), 1, r), or for 
simplicity by V. 

We have the following consequences of the definition of N = 1 NS-VOSA with 
odd formal variables. We have 

L(n)l = G(n+ -)1 = 0, for n > -1. 

There exists w = (l/2)G(-l/2)r 6 V (2 ) such that 

(5.13) Y(u, (x, ip)) = L(n)x- n - 2 - | + l)G(n - i)x— 2 . 

The supercommutator formula is given by 

(5.14) [Y(u,( Xl , Y(v,(x 2 , p 2 ))] 

= Res^a;^ 1 ^— ^—^-^jY(Y(u, (x ,<pi - ipi))v, (x 2 , <p 2 )) 

where Res X() of a power series in xq is the coefficient of Xq 1 . We have 

(5.15) xjp 0) Y(u, (x, ip))xg 2L{0) = Y(xl L( - 0) v, (x^x, XQip)), 

(5.16) Y {e XoL{ - 1)+ ^ G{ '^v, (x,ip)) = e Xo ^ +Vo ^ +v ^)Y{v,{x,ip)) 

(5.17) = Y(v, (x + x + tp tp, ip + ip)) 
and 

e x L(-l)+tp G(-%)Y(y, (x, ip))e~ xoL (~ 1 }~' paG ^^ = 

(5.18) = r(e 2;oL ^ :L)+VoG ^^^ 2¥,0¥ ' i( ~ 1) w,(x,( / 9)) 

(5.19) = Y(v, (x + x + ppo, p + <po)). 

And finally, we have the property of skew- super symmetry: for u, v of homogeneous 
sign in V 

(5.20) e xL{ - 1)+ipG{ -^Y(v,(-x,-ip))u = {-l)^ v ^Y{u, (x, tp))v. 

Let (Vi,Yi(; (x, ip)), lr.n) and (V 2) Y 2 (; (x, ip)), 1 2 , r 2 ) be two JV = 1 NS-VOSAs 
over /\ and A* 2 i respectively. A homomorphism of N = 1 NS-VOSAs is a doubly 
graded /^-module homomorphism 7 : V% — > V 2 such that 

l{Yi(u, (x,ip))v) = Y 2 (j(u), (x,p))j(v) for u,veV 1 , 

7(li) = 1 2 , and 7(71) = r 2 . 

Of course an JV = 1 NS-VOSA over is isomorphic to the same N = 1 NS- 
VOSA with coefficients in any other f\^, . 



Remark 5.2. Let (V,Y(-,(x,p)),1,t) be an V = 1 NS-VOSA. In [B3], we also 
study the notion of V = 1 NS-VOSA over a Grassmann algebra without odd 
formal variables and show that (V, Y(-, (x, 0)), 1, r) is such an algebra. Conversely, 
given an JV = 1 NS-VOSA without odd formal variables (V, Y(-, x), 1, r), we can 
define f(u, (a:, <p)) = V(u, a:) + <pY(G(-l/2)v, x), and then (V, Y(-, (x, ip)), 1, r) is 
an V = 1 NS-VOSA with odd formal variables. Using this correspondence, in 
|B3j we prove that the category of N = 1 NS-VOSAS over with odd formal 
variables and with central charge, i.e., rank, c G C, is isomorphic to the category of 
N = 1 NS-VOSAs over without odd formal variables and with central charge 
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c G C. However, in including the odd formal variables the correspondence with 
the geometry and the role of the operator G(— 1/2) as in the G{— l/2)-derivative 
property is more explicit. 

5.3. Expansions of rational superfunctions. Let l\ 00 [xi,X2, ...,x n ]s be the 
ring of rational functions obtained by inverting (localizing with respect to) the 
set 

S = < ^ a i X i I a i ^ Am' n0t a11 ( a i)B = \. 

Recall the map i^...^ : ¥[x\, x n ]s — ► x^ , x n , x^ 1 ]] defined in |FLM| 

where coefficients of elements in S are restricted to the field F. We extend this map 

X\ j X2 i • ■ • i Xn 

]s['Pi,'P2,-,'Pn] = Aoo[ x i> fi>^,(p2,-,x n ,(p n ]s in the obvious 

way obtaining 

Hi...i n ■ Aoofcl^l, -,Zn,¥>n]s > Aool^l^r 1 , -;Xn,X~ 1 ]][ipi, ...,<£„]. 

Let y\ [xi, ip±, X2, y>2, ■ x n , ip n ]s' be the ring of rational functions obtained by 
inverting the set 

S' = < {a i x l + dijipupj) | a», ay G /\oo> not au { a i)s = >. 

Since we use the convention that a function of even and odd variables should be 
expanded about the even variables, we have 

En 
1>3 =i aij<Pi<Pj 

f _ ± i<j 

J2?.j=i(aiXi + aijifiiipj) J2i=i a * x i (E,i=i a i x i) 2 

Thus /\ 0O [xi,ipi,x 2 ,(f2, —,x n ,ip„\s> C /\ oc [x 1 ,(pi,x 2 ,tp2, —,Xn,tp n ]s, and i^... in is 
well defined on /\ oo [x 1 ,(p 1 ,x 2 ,(p 2 , x n , if n ]s'- 

In the case n = 2, the map t 12 : /\ 00 [x 1 ,(p 1 ,X2,ip 2 ]s' — ► AoJfci' ^bi, Va] 
is given by first expanding an element of Aoo[ a; i' ^2) ¥>2]s' as a formal series in 
Acol 2 ' 1 ' Vli ¥>2]s and then expanding each term as a series in /\oo [[^l, #2]] [<^i, </?2] 
containing at most finitely many negative powers of X2 (using binomial expansions 
for negative powers of linear polynomials involving both x\ and 22). 

5.4. Duality for vertex operator superalgebras. In Section l4~2l we formulated 
the notion of N = 1 SG-VOSA. In Section [B] we will show that any such object 
defines an N = 1 NS-VOSA with odd formal variables. To show that the alleged 
N = 1 NS-VOSA satisfies the Jacobi identity, we need the notions of associativ- 
ity and supercommutativity for an N = 1 NS-VOSA with odd formal variables 
as formulated in |B2| and |B3| . Together, these notions of associativity and (su- 
percommutativity are known as "duality" , a term which arose from physics. 

Let (V", Y{-, (x, ip)), 1, t) be an N = 1 NS-VOSA. As in ScctionlP let V denote 
the graded dual space of V, let V denote the algebraic completion of V, and let 
(•, •) denote the natural pairing between V' and V. 

Proposition 5.3. (B3 ) (a) (rationality of products) Foru,v,w G V, withu, 
and v of homogeneous sign, and v' G V' , the formal series 

(v', Y(u, (xi, yi))Y(v, (x 2 , <fi2))w), 



3(5 



KATRINA BARRON 



which involves only finitely many negative powers of X2 and only finitely many 
positive powers of x\, lies in the image of the map i\2'- 

(v', Y(u, (xi,cpi))Y(v, (x 2 ,ip 2 ))w) = L 12 f(x 1 ,if 1 ,x 2 , <p 2 ), 

where the (uniquely determined) element f G Aool 2 ' 1 ' Vi> x 2i f2]s' is of the form 

f(x 1 ,tp 1 ,x 2 ,tp 2 ) = -7-77 w 

X^X|(Xi -X7.- fl^2r 

for some g G Aool^ii Vii x 2, <f2\ and r,s,t G Z. 
(b) (supercommutativity) We also have 

(v', Y(V, (x 2 ,<p 2 ))Y(u, (ll, ¥>!))«;) = (-1)"^W(Z1, <Pl,X2,<f2), 

i.e, 

ti2( v ', Y ( u , (xi,fi))Y(v, {x 2 ,<p 2 ))w) 

= (-i)vHv(v) L ~i {v ^ Y (v, (x 2 ,v 2 ))Y(u, {x 1 , i Pl ))w). 

Proposition 5.4. / |B3| ) (a) (rationality of iterates) For u,v,w G V, and 
v' G V, the formal series {v', Y{Y{u, (xo, ifi — <£>2))w, (#2, < /?2))w), which involves 
only finitely many negative powers of xq and only finitely many positive powers of 
X2, lies in the image of the map l 2 o: 

(v, Y(Y(u, (XO, tfl - P2))V, (x 2 ,(p 2 ))w) = L2Qh(x 0l Ifl - ¥>2,X2, if 2 ), 

where the (uniquely determined) element h G Aool^o, ^1,^2, <f>2]s' is of the form 
h{x , (fx - (p 2 , x 2 ,<p 2 ) = —— ■ 

x^x^{xq + x 2 - ipiip 2 y 

for some k G Aool^o, <£>i , x 2 , if- 2 ] and r,s,t G Z. 

(b) The formal series (v' , Y(u, (xq + X2 + ^1^2, (^2, <fi2))w), which in- 
volves only finitely many negative powers of X2 and only finitely many positive 
powers of xq, lies in the image o/io2 ; and in fact 

(v', Y(U, (X +X 2 + tp!tp 2 , <Pl))Y(v, (X 2 ,ip 2 ))w) = L 2h(x , (fx - Lp 2 ,X 2 ,ip 2 ). 

Proposition 5.5. (B3 ) (associativity) We have the following equality of ratio- 
nal functions: 

H 2 (v', Y ( u , (xi,(fii))Y(v, (x 2 ,<p 2 ))w) 

= {hoW,Y{Y(u, Oo, <pi - <f2))v, {x 2 ,ip 2 ))w)) \ X0=Xl ^ X2 „ VlV2 

Proposition 5.6. (^BSjj In the presence of the other axioms in the definition of 
N = 1 NS- ^05^4 with odd variables, the Jacobi identity follows from the rationality 
of products and iterates and supercommutativity and associativity. In particular, the 
Jacobi identity may be replaced by these properties. 

6. N = 1 NS-VOSAs from N = 1 SG-VOSAs 

In this section, given an N — 1 supergeometric VOSA, we construct an (alge- 
braic) N = 1 NS-VOSA. Since N = 1 NS- (resp., SG-) VOSAs are isomorphic 
if taken over different subalgebras of the underlying Grassmann algebra A 00' we 
suppress the details of which subalgebras are actually acting non-trivially. 
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Let (V, u) be an JV = 1 SG-VOSA, we define the vacuum \ v e V by 

1, = m(0); 

an element r v £ V by 

5 3 
= -— i/ (0,M(e,-)), 

(recall (|2.34[) ); and the vertex operator 

^(Vi, (£,¥>)) = 5Z(ui)„a;- n - 1 + (pJ2M^i/2^ n ^ 

associated with wi £ V by 

(6.1) (wi) n «a + 0(vi) n _|«2 = Res z (z n i/ 2 ((z, 0); 0, (1,0), (1, 0))(v' <g> «i <8 «a)) , 

where Res 2 means taking the residue at the singularity 2 = 0, i.e., taking the 
coefficient of z~ l . 

Proposition 6.1. The elements \ v and r v of V are in fact in V(q) and 
respectively. If the rank of (V, v) is c, then (V, Y u (-, (x, (f)), l v , t u ) is an N = 1 
NS- VOSA with odd formal variables and with rank c . 

Proof. To see that \ v G V(o), we use the grading and sewing axioms for (V, v) to 
note that for all a G (AL)* 

(v',l v ) = (i/,vo(0)) 

= (v',u ((0,(a,0)) icoo (0))) 

= (^Mo^o))^ ^(o)))^ r(QAO)c 

= 2(«',i^(0,(o > 0))(P(fc)(l tf ))> 

fce|z 

= *£a- 2k {v',P{k)(l v )). 

fce^z 

Thus 1^ G V( ). Similarly for r v , for all a G (AL)*> 

a-V.T,,) = -(t/,^(0,Af(a- 3 e,|))> 

= -{v',—v ((0,(a,0)) ioo (0,M(e,-)))> 

= -(t/,^(^(0,(a,0)) 1 * ^o(0,M(e^))))e- r (W^I)) c 

= - 2 («' ) ^(0,(a ) 0))(P(fc)(^(0,M( C ,|))))> 
fceiz 



£ a- 2fc («',P(fc)(r,)}. 



Thus r„ G V(|)- 

The axioms (|5.5ll . I|5.6II . and 1)5. 7|) are obvious. Since for any v' G V and 
Wi,U2 G ^ the superfunction (v r , v-iifyZ, 9); 0, (1, 0), (1, 0))(vi (g> v%)) is a canonical 
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supermeromorphic function in (z, 9) with poles only at and oo, there exists formal 
Laurent series fo(x) and fi(x) such that 

(fo(x) + <pfi{x))\ (XiVy={gt0) = (v', u 2 ((z, 0); 0, (1, 0), (1, 0))( Wl ® v 2 )). 

From this equality and Ijtj.lfl . we see that 

Y v (vx,(x,<p)) e (End V^x- 1 ]]^}. 

By the supermeromorphicity axiom, (i/, ^((^j 6); 0, (1, 0), (1, 0))(u €5 u)) is super- 
meromorphic in (z, 6), and there exists N(u, v) £ Z + such that for any w' G V' the 
order of the pole at is less than N(u,v). Thus by (|6.1() . we must have u n v = 
for n > N(u,v), and n € |Z. 

For any (z, 0) £ (/\° 00 ) x ® Aoo> usm g the sewing and grading axioms, 

^',Yu(P(k)(l v ),(x, P ))v)\ {Xttp)Hzte) 

(«', (u 2 ((z, 6): 0, (1, 0), (1, 0)) x * m(0))(«)) 

(«', ^i(((z, 0); 0, (1, 0), (1, 0)) lO o (0))(v)> 
(«' ) i^(0,(l,0))(«)> 
(«',«>• 



(«', 0); 0, (1, 0), (1, 0)) 2 * m(0))(«)) 

(«', ^i(((z, 0); 0, (1, 0), (1, 0)) 2 oo (0))(«)> 

By the supermeromorphicity axiom, we know that (v', vi(-){v)} is a canonical super- 
meromorphic function on SK(2). Thus (v\ v x {{A{-z, 1), M(-0, 1/2)), (1, 0))(u)) is 
a polynomial in z and 0, and by the grading axiom, 

lira {v'M{A{-z,l),M{-6 (1, (>))(«)) = <*;>!, (0, (1, 0))(«)> 

= («',«)< 

Thus lim^ ^^o Y^(w, (x, f))l u = v which proves the creation property. 

We next prove the axioms involving the N = 1 Neveu-Schwarz algebra. Using the 
notation AM' 01 ' = ((A^, M^~>), (a^\ M^)) £ Sif(l), we define operators 



(v' ,Y v {l v ,(x,<p))v)\ {x>v)={zfi) = 

Thus Y v (l u , (x,ip)) — 1. Similarly, 
(«', 5^,(1;, (a;, va))li/>| (ar>v ) = ( at , fl ) = 
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L(n) and G{n - 1/2), for n £ Z, from V to (V)* by 



(6.2) 

(6.3) 
(6.4) 
(6.5) 

(6.6) 



(0) 



OA 
1 d 



2 daW 
d 

~ dA { n ] 
d 

~dM {0) t 

-n-2 

5 



(i/,i/].(AM< 01 >)(u 
(jjVitAAft 01 ')^ 
(w',^(ylAf( 01 ))(t; 
(-y',z/i(ylM( 01 ))(t; 

(i;>i(AAf( 01 ))(i; 



AM( 01 >=e 



AM( 01 >=e 



AM< 01 >=e 



AM (0i) =e 



M 111 ! AM<°i)=e 

From the grading axiom, when u s V(m , for k £ ^Z, 

(«',L(0) V ) = ^(AM^Xt;)) 



?/, L(n)v), n < 0, 

«',i(0)«), 

?/, L(n)v), n > 0, 



i/,G(n +-)«), n<0, 



w', G?(n — -)«), n > 0. 



1 a 



2 9a« 
1 d 
~2^W 



j4M (oi) =e 

V,^(0,(aW,0))(«)) 



a< 1 >=l 



(( a W)- 2fe («',«)) 



a<i) = l 



for all v' £ V. Thus L(0)v = kv for v £ V [k) . 
By the sewing axiom 

(v', Vl {AM {m) lO o SAT( 01 ))(u)) 

= (v',{ Vl {AM {m) ) i *o ^ 1 ( J BiV( 01 )))( W )) e - r ( a<1) " 4(1) ^ M<1) ' B(0) ^ (0) ) c . 

Using this, Proposition 12.121 the bracket operation on T e SK{l) (the subspace of 
the supermeromorphic tangent space at the identity of SK(1) defined in Section 
12.61) . the definitions for L(n) and G(n — 1/2) given above, and Proposition 13. 21 we 
obtain 

(6.7) J2 (v',Hm)P(k)(L(n)v)) - £ («', L(n)P(k)(L(m)v)) 

= (v', (m - n)L(m + n)v) + («', — — — c5 m+nfi v), 



(6.8) < u '< G (™ + \)P(k){L{n)v)) - E ^W^(^)(G(m + i)«)> 



fee ±5 



n — 1 1 

(?/, (m — )G(m + n + -)«), 
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(6.9) 



(v', G(m + \)P{k)(G{n - \)v)) ]T (v', G(n - \)P{k){G{m + \)v)) 



Ul^ -|- fj~i 

= (v', 2L(m + n)v) + (?/, c5 m+nfi v), 



for m, n G Z. Taking m — 0, n ^ and u G V(,-) in 1)6.7(1 . we obtain 



(u', L(0)L(n)v) = (i/, (j - n)L(n)v). 



Thus L(0)L(n)v = (j — n)L(n)v which implies that L(n) is an operator mapping 
V(j\ to Vy_„). In particular, L(n) is an operator from V to itself. Taking n = 0, 
and v G Vu\ in (|6.8|) . we obtain 



(«', L(0)G(m + i) w > - <«', (j - (m + ~))G(m + i)v>. 



Thus L(0)G(m+l/2)« = (j-(m+l/2))G(m+l/2)v which implies that G(m + 1/2) 
is an operator mapping Vq-) to V"(j^( m +i/2))- In particular, G(m+l/2) is an operator 
from V to itself. Thus (|6.7|l . I|6.8|l and l|6.9|l are equivalent to the ns relations. 

By the definition of Q e (z,8) (see H2.350 ). the definition of r v , and the sewing 
axiom, 



Q B (z,9WM-)(v))) 

Q 3 

= — (v', Vl (({z, 6): 0, (1, 0), (1, 0)) lO o (0, M(e, -)))(«)> 



c=0 



O q 

-<«', 0); 0, (1, 0), (1, 0)) x * m(0, M(e, -)))(«)) • 

-r(l,0,0,0,M(e,|))c 



e=0 



(-l)^{v',(v 2 ((z,9); 0,(1,0), (1,0)) i*o |^o(0, M(e, §)) )(«)) 



-1)^') ^2(v',Y v (P(k)(T„),(x,<p))v) 
fceiz 



(s,y)=(z,i 



-(-!)"("') Y,^^ u ,{x, V ))v) 

fcG±Z 



(x,^)=(^,e) 
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On the other hand, by Proposition 12. Ill 



Q e (z,6WM-)(v))) 
/ 1 



-(2fe-l)j-2+fc_ 



26 z~ 2 - 



da, 



(i) 



dM (k \ 



+ EE' 

e fc=ojez + 



-(2fc-l)j-2_ 



(fc) 



I (•)(«)» 



= -(-1)"^ E E « ^ (2fc - lb '- 2+fe G((2fc - l)(j - h)v) 



29(v', z- 2 L{0)v) + 26* E E z~ (2fc_1)j ' _2 : L((2fc - 
fc=o jez + 



(-i)^V, fE G (" + 1)^'" 2 + a^E^^""" 2 )^ 



{x,ip)={z,e 



Thus ^(r,, (*, p)) = E„ ez G(n + i/2)s-»-V2-3/a + 2^£„ eZ L(n)a;""~ 2 . 
By Proposition 12 . 1 01 and the sewing axiom, 



(«', ^(wx, (a, v))v2)| (K , v ) = ( Zo+z+eoe , e+ e ) 
= («', z/ 2 ((z + 2 + O 0, + 6 )]0, (1, 0), (1, 0))(«i ® t> 2 )} 
(6.10) = (</, MM); 0,(1,0), (1,0)) i* Vl ((A(-z ,l),M(-e ,^)),(l,0))) 



(»i ® «a) • e -r(i,o,o,A(- Zo ,i),M(-9o,i))c^ 



By taking d/d0Q + dod/dzo of l|t).lU[l and setting (zq, #o) — 0, we obtain 



(x, v ) = (z +z+8 8,6+8 ) 



= (-i)^V,MM);0,(i,o),(i,o)h* 

= (-l)^')<v' ! (^((^e);0,(l ! 0),(l,0)) 1 * Q 



(^o,flo)=0 



)(ui (8 W2)} 



(zo,0 o )=O 



A n ((0,M(-e 0) ^)),(l,0)) 



80=0 
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Since for any f(x) + <pg(x) £ Aootfo x~ 



(x,p) = (z,9) 



ef(z) + g(z) 

(9f'(z + z)+g(z +z))\ Zo=0 
d 

d 



(f(z Q + z) + e 6f'(z Q + z) + {6 + 6 Q )g(z a + z) 
d 



{z ,e )=o 



(w + e °dl) + z + M) + {e + do)9iz ° + 2 + e ° e)) 



(z ,e )=o 



by the definition of G{— 1/2) given by (|6.5JI . 



= (-ir {v '\^+^)(v',y»(vu(x,<p))v 2 )) 



(z ,e )=o 



0,(1,0), (1,0)) i*o S5 -^((0 s M(-d ,i)),(l,0)) )(«i®«a)> 

^(^^.(p^c^-Jk),^,^)^) 



fce±; 



(»/, y tf (Gf(--)«i, (as, V ))w2> 



(s,v?)=(z,i 



(a:,vj) = (i,i 



or equivalcntly 



Finally, we prove the Jacobi identity by proving duality. Using the sewing axiom 
and Proposition ^. 81 and assuming that |(zi)b| > |(^2)s| > 0, we have 

(v\Y v (vi,(xi,(pi))Y 1/ (v 2 ,{x2,(p2))v)\ (xuVi)= ^. te . ) 
= ( w/ ' Y ^( w i'( x i' < ^i)) P ( fc )( r ^( v 2,(a;2,^2))w))| (:Ei!V3i)=(2i!ei) 

= (v f , {P 2 {{zi,e x ); 0, (1, 0), (1, 0)) 2 * u 2 ((z 2 , 2 );O, (1, 0), (1, 0)))(«i v)) 
= (v', Vz{{{ Zl ,e x ); 0, (1, 0), (1, 0)) 2 oo ((z 2 , 2 ); 0, (1,0), (1, Q))){v x ®v 2 ® «)) 
= (i/, ia,((zi, fli), (aa, fla); 0, (1, 0), (1, 0), (1, 0))(« x ® v 2 ® v)). 

Similarly when < |(zi)b| < \(z 2 )b\, 

(v', Y v (v 2 , (x 2 ,<p 2 ))Y v (vi, (xi,(pi))v)\ iXz Vi)={ZiA) 

= (v', v 3 ((z 2 ,9 2 ), (zi, Ox); 0, (1,0), (1, 0), (1, 0))(v 2 ®v x ® »)). 
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By the permutation axiom, 

(v', z/ 3 (OiA), {z 2) 02); 0, (1, 0), (1, 0), (1, 0))(«i ® v 2 (8 v)) 

= (-l)-n^M(v', v 3 ((z 2 ,9 2 ), (zi,6i);0, (1, 0), (1, 0), (1, 0))(v 2 ® Wl ® «)) 

for any (zi, (z 2 , 2 ) G Aoo satisfying (zi) B ^ (z 2 )s, and {zi)b,(z 2 )b ^ 0. By 
the supermeromorphicity axiom, both the right-hand side and the left-hand side of 
the above equality are rational superfunctions of the form 

g((z 1 ,9 1 ),(z 2 ,9 2 )) 



z s 1 1 z s 2 2 (z 1 -z 2 -9 1 9 2 )^ 



where g{{z\, 6i), (z 2 , 6 2 )) G AoJ^i' z 2, 6> 2 ] and si,S2,si2 G N. Thus we have 
proved the rationality and supercommutativity. 

To prove associativity, we use the sewing axiom and Proposition ^. 81 to see that 
for \{z x )b\ > \(z 2 )b\ > \{zi)b - (z 2 )b\ > 



(v' ,Y v (Y y (vx, (x ,<pi - <fi))v 2 , (x 2 ,ip 2 ))v 3 ) 
= Yl {v',Y v {P{k){Y v {v 1 ,{x (h ip 1 -ip 2 ))v 2 ), 



(x ,ipi — <P2) = (zi — z 2 - 0102, 01 - 8 2 ). 



(x 2 ,(p 2 ))v 3 ) 



{xq, (fx — (f2) = (zi - Z2 — 0102, 01 - 6 2 ), 
02, ¥>2) = (22, &2) 



= (t/> 2 ((z 2 ,0 2 ); 0,(1,0), (1,0)) !* ^((zx -z 2 -e 1 d 2 ,e 1 -6 2 ); 

0,(l,0),(l,0)))(wi<8>t*<8>i> a )) 
= (*/, i/ 3 (((z 2 , 2 ); 0, (1,0), (1, 0)) lO o ((«i - z 2 - 0i0 2 , 0i - 2 ); 

0,(l,0),(l,0)))(«i®«2®«3)> 

- («', («a,e 2 );0 J (l > 0) J (l,0),(l,0))(t;i®«3®«3)> 
= («', y„(wi, (xi, <pi))Y v (v2, (x 2 ,<p 2 ))v s )\( x . m)={ZiA) . 

From the rationality, supercommutativity, associativity and Proposition 15.61 we 
obtain the Jacobi identity. 

This finishes the proof that (V, Y v , 1„, r v ) is an N = 1 NS-VOSA. □ 



7. N = 1 SG-VOSAs from N = 1 NS-VOSAs 

In this section, given an N = 1 NS-VOSA, we construct an A = 1 SG-VOSA, 
assuming that Conjecture 13.51 is true. Let (V, Y(-, {x, ip)), 1, r), be an JV = 1 NS- 
VOSA with odd formal variables and rank c G C. We define a sequence of maps: 

i£ : SK{n) -> SFy(n) 

Q -> «£(Q) 

by 

<</, i£ (fo, 0i), (z„_i, 0„_i); (#,#), (a( l U (1 U (1) ), 

...( a W,AW,M (n) )) («!»•••«»„)> 
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(7.1) =h..n-l( e ^ ' 3 '" 4 

F(e- (^^^i^ "*)) . (a (i))- 2 ,(0) . Vlj (jBl) w)) . . . 



for n € Z + , and 

where i^ 1 .„_ 1 is defined in Section 15" 



To prove that (V, v ) is an JV" = 1 SG-VOSA, and in particular, that it satisfies 
the sewing axiom, we will need the following proposition. 

Proposition 7.1. Let I G Z + , and m,n G N swc/i i/iat Z + to — 1 G Z + , and let 

Qi G SK(l), Q 2 G SK(m), Qs G SK(n), and i,j G Z + smc/i i/ia£ 1 < i < I, and 
l<j<l + m — l. If the sewings (Q\ ^000 Q 2 ) jOOo Q3 exist, i/ien /or any v' G V, 
«l, ...,«j +m+n _ 2 € V, Z/ie series 

(7.2) («', ((^(Qi) i *q v^ n (Q 2 )) 1/2 j * ^(Qs)) # i/2(«i ® ' ■ ' ® w i+m+n _ 2 )) 

is doubly absolutely convergent at t 1 / 2 — t 2 ^ 2 = 1. 

Similarly, for 1 < i < I, 1 < j < m, if the sewings Q\ iOOo {Q2 jOOo Qz) exist, 
then for any v' G V, «i, tv+ m +n-2 G V, £/ie series 

(7.3) («', {vY{Qi) i * (^(Q2)j*o ^(Q 3 )) t i/2) t i/2(wi <g> • ■ • ®vi +m+n - 2 )) 
is doubly absolutely convergent at t\^ 2 — t 2 ^ 2 = 1. 

Proof. We prove the first statement. The second statement is proved similarly. 
Let t\^ 2 ,tl/ 2 G C x . Let Q 2 {t\^ 2 ) and Q3{t 2 ^ 2 ) be the elements of SK(m) and 
SK(n), respectively, obtained from Q 2 and Q3, respectively, by multiplying the 

local coordinate maps at the i-th puncture of Q 2 and the J-th puncture of Q3 by 

1/2 1/2 

fi and t 2 , respectively, in the even coordinate, and by t x and i 2 , respectively, in 
the odd coordinate. Then there exist two neighborhoods Ai and A2 of 1 G C such 

1/2 1/2 1/2 1/2 

that for any (i/ , t 2 ) G Ai x A 2 , the sewings (Qi iOo Q 2 (i/ )) jOo Qs(t 2 ) 
exist. 

This gives a two-parameter family of superspheres 

{(Qi iOo Qa(*J)) i°°o Qa(*|) I (*i,*t) eAjx A 2 }. 
Then as in the proof of Proposition 4.19 in |B4j . we can take the fiber bundle struc- 
ture of these superspheres and define global sections to obtain a complex analytic 
family of compact complex manifolds. Then using the definition of v Y and the con- 
traction *, the proof that (|7.2|) is doubly absolutely convergent at t\^ 2 = tlj 2 = 1, 
is completely analogous to the proof of the convergence of the series ^-(t 1 / 2 ) in 
Proposition 4.19 in |B3| . and similarly for (|7.3|) . □ 

Proposition 7.2. The pair (V, v Y ) is an N = 1 SG-VOSA. 
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Proof. We must check that (V, v Y ) satisfies the five axioms in the definition of an 
N = 1 SG-VOSA. 

(1) Positive energy axiom: This is obvious. 

(2) Grading axiom: For any v' E V , v E V(m, for k E |Z, and a E (Aoo)*' 

(v', vY(0, (a, 0))(v)) = (v>, a- 2L ^v) = a^ k (v 1 , v). 

(3) Supermeromorphicity axiom: The fact that for any n E Z + , v' E V, 
Vi,...,v n E V, and Q E SK(n), the function Q \— > (v 1 {Q){v\ ® ••■ ® v n )) is 
a canonical supermeromorphic function follows from the rationality of (V, Y, l,r) 
and the fact that V is a positive energy module for ns. To prove the rest of the 
supermeromorphicity axiom, without loss of generality we only discuss those Q of 
the form {{z u 6i), (z n -i, <9 n _i); 0, (1, 0), (1, 0)). 

Take N(vi, Vj) E such that (vi)kVj = for any k > N(vi,Vj). If i < j, then 
by supercommutativity and associativity we have 



\(xi,tpi)=(zi,<pi) 



(v',vX (Q)(«i ® •■•®t>„)) 

= 1 "^-^^r. ' ( i-i)«(i + i)...y-i)Ci + i)-n-i (^^i)) • • • 

(a?i_i, <pi_i))y(ui, (xi, <pi))y(«j, (xj,^))F(w i+ i, (x i+ i, • • • 

(x j - 1 ,ip j - 1 ))Y(v j+1 ,(x j+1 ,tp j+1 )) ■ ■ ■ 

Y(v n -i, (x 

= 1 " ( ^- ) " ( ^ ) ^ 1 . (i _ 1) , (i+1) ... ._ 1)0 . +1) ... (n _ 1)0 ((«', ¥>l)) • • • 

Y(vi- U {x i - 1 ,ipi- 1 ))Y(Y(v i , {x ,<Pi - <Pj)) v j. { x j><Pj)) Y { v i+i, {xi+i,V>i+\)) 
■ ■■Yivj-i, (xj-i,ipj-i))Y{v j+ i, (x j+ i,ip j+ i)) ■ ■ ■ 

Y{v n -l,{x n -l,ip n -l))v n )) ( Xl , Vl ) = (z,, Vl ), forZ^i, 

Xq — Zi — Zj — <Pi<fij. 

By the definition of N(vi,Vj), we see that the order of the pole (Zi,9i) = (zj,9j) 
of (v', u^(Q)(vi ® • • • <g) «„)) is less than N(vi,Vj). The result for i > j is proved 
similarly. 

(4) Permutation axiom: If a E S n -i C S n is a permutation on the first n — 1 
letters, then from supercommutativity, we have 

(v',^(<7-Q)(vi® ■■■<»«„)> 

- («', l£ (<T • ((*1 A), -, (*n-l, <?n-l); (A<°>, M<°>), (aW.AW.MW), 

((iW.iW^W))) (vi <8> ■ ■ ■ <8> «„)) 



= {t)',^^-!,!),^-!^) (vi( n -i),fi ff -i(n-i)); (^ U (0) ), 

(a^- 1 ^)), A^" 1 ^)), M^" 1 ™), (a^ -1 ^- 1 )), M^" 1 ^- 1 ))), 

(a("),^"),M( n )))( Wl ® ■■ ■<»«„)) 
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-E 4PZ ( A ( ^ 1( "- 1)) L( J )+Af ( ^ 1 1( "- 1 » ) G(j-i)') 

(^- 1(1) ,^- 1(1) )).--r( e ^ 3£Z A 3 i-i 2> ). 



(x ij¥ >O=0«A) 



, « -E iez+ (4 n)i «+ M i-i G 0'-5)) 



a(n—l) i 



(x 1)¥ >i)=(« <1 fl 4 ) 



= (-1)"<«V , 0„-i); (^ (0) , MM), (a( 1 U (1) ,M (1) ), 

(o( B U (B U (n) ))(Mi) ® • • • ® V»-D ® 
- («', fli), (^-x, fl„_x); (A<°>, M(°>), ( fl ( 1 U ( V 1, ) 1 

= (v',0-- (z£(Q))(ui ® •■ • ® 

which proves the permutation axiom for a £ 5„_i C S n . For the transposition 
switching n and n — 1, i.e., for (n n — 1) G S n , using skew-supersymmetry (|5.2Uf) . 



we have 



(«', (n n - 1) • ® • •• $ «„)> 

= i£ (Q)( Wl ® • ■ • ® W „_ 2 ® «„ ® w n _i)> 

= (-i)^«)^K- 1 )( u >^((( Zl ,e 1 ),...,( Zn _ 1 ,^_ 1 );(^ (0) ) ^ )), 

(a«, A« MW), (aW,i W ,M W ))) fa ® • • • ® «„_ 2 ® u„ ® «„_i)> 
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F(e- (^CA + «£ 4 <*-i>) . (a(1)) _ 2i(0) . w)) . . . 



e 



(x i ,p i )=(z <1 fl i ) 



( 7 - 4 ) = ^l...n-l( e V 2 7 W > 

F(e je +V J >-* 7 . ( a W) 2L (°' -^.(x!,^))... 

eK „_ 1 L(-l)+ V „-iG(-I) r ( e -^ 3 « + ( A r )i (^+ M -! ) i G ^-5)) _ ^ a („)j_2i(0), 

« n _i, (-a; n _i, -</j n _ijj • e + V 33 7- 

(a(n -i) r2i( o) . } 

(a: <1 v. 4 )=(*i.e- 

Using equations 15.18fl and (|5.19l) . the right-hand side of 17.4(1 is equal to 

... y(e ^- Z 4-r^0HM< : - G 0--|)) . (a (n- 2)) - 2i (0)^_ 2! 
S( a!n _ 1 , ¥ , n _ I )(a;7i-2, 



(x i ,l P i) = (« <1 fl ( ) 



(7.5) = ^(e^'W^^ ^ 

... y(e -S 3ez+ (4"- 2) Mi) + M(-) G(i -i)) ^-^(0)^ 

S( a „_ 1 , V „_ 1 )(^n-2, <^n- 2 ))- 



(a: i ,v> 4 )=(»i,fl 1 ) 
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From (|2.12(1 and the definition of v Y , the right-hand side of Ij7.5(l is equal to 

-i , -T. j&+ UfV{ j)+ Mf} G'i j -k)) , -E^k'WjVtf-i)) 
h— n-i\ e v /v,r(e + v 3 5 /■ 

( &h-2£(o) / \\ w -Ei^f^'^W+^r^W-i)) 

(a w ) lJ •^i,S( a: „_ 1 , ¥; „_ 1 )(a;i,^i))---y(e + V 3 3 /• 

• ( a (n-2))-2L(0) . Vn _^ S{xn _ uVn _ x) (_ Xn _ 2 ^ n _ 2 )). 
= ( v 'i v n ( s (z n -i,e n -i)( z li6l)> s (z„-i,0„-i)( z 2, 9i), s (z„_i,e„_i)( 2: n-2, 

S( Z „_ 1 ^„_ 1 )(0); (i (0) , AfW), (afV'U' 1 '), (a ( "" 2) , A^ 2 \ M^), 
(a<"\ A< n \M< n >), (a < - n - 1 \A ( - n - 1 \A& l - 1 '>))(v 1 »•••»«„)) 

= («', i£ ((n n - 1) ■ ((z x , ft), (^-i, fln-i); (^ (0) , M(°)), (a« A« M«), 

..,(a w ,i ( "U W ))) •••«««)) 



(7.6) =<u',z^((n n-l)-Q)(«i® •••»«„)}. 

Combining (|7.4() . (|7.5|l . and (|7.6|l . we see that the permutation axiom is true for 
the transposition (n n — 1) G S n . Since S n is generated by S n —i and (n n — 1), the 
permutation axiom holds for arbitrary a £ S n . 

(5) Sewing axiom: Suppose Q\ £ SK(m) and Q2 G SK(n) are given by 

Qx = {{ Zl , 6 X ), (z m _i, m -i); (a (1) , A« M«), 

...,(&(»), flW,JVW)) 

and the i-th tube of Qi, for some 1 < i < m, can be sewn with the 0-th tube of 
Qi. We show by induction on m and n that the sewing axiom holds for Q\ and 
Qi. The proof is in eight steps: 

(a) The case m — 1, n — 0, 1. 

(b) - (f) Several special cases needed for the induction. 

(g) Induction on n. 

(h) Induction on m. 

We start with step (a): We prove the case m = 1, n = 0, 1 by considering 
Qi = {(A^,M^),(a^,A^,M^)) e SK(l) 
Qi = ((B(°\ ^(0)^(5(1)^(1)^(1))) e Sif(i) 
where Qi iooq Qi exists. Using the bases (14.211 and (|4.3|) . we have 

<t/, (^(Oi) 1*0 ^(Q 2 )) iV 2(«)> 
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4!) 



dim V (k) 

E E <* 

fceiz i( fc )=i 



e + 



{e -^(^'«)^«-*)) (egr| 



teiz i( fc )=i 

-E 



e 3£Z+ 



(^ 1} ^+< ) i G(i-i))_ (o(1)) _ ai(0Ke (fc) )- 

^S^^^^+^GO--!)) (6(1)) _ 2i(0) u) 



dim Vi- 



fce|z i< fc )=i 

-E 



e 3£Z+ ' 



(4 1) ^)+< ) 4 ^-i)). (a ( 1 ) r2i( o). e W ) . 

((e ( S)vL( o ) . e ^ jez+ (-r^-H-r i ^ + i)). 

e -Si^( B i 1,£ «)+^l ) 4 G( J --J)) . (& (l) r2i (0) . u> 

(7 . 7) =(e -£^4 A ^'^ 



e 



Let ^jit 1 ' 2 ) = *,(t- 1 /2 a (i)^(i) ; M( 1 ),B( ),Ar( )),for j 6 |Z, and let I^i 1 / 2 ) = 
r^-^o^.A^jAfd),^ ),^ )). From Corollary EOl equation dTTTJ) is equal to 

, -Y. J ez,(Af > L'U)+M^ 1 G'U-±)) , £ 3 - ez+ f*-i (** i (** )G(-j+§)l 

(e v J 2 / 1> , e + \ 2 / 

e E 3 . ez+ (*i(t*)i0-)+*._i(**)G0--|)) e2 , B(( ^ (0)(r | a(1)) _ 2i(0) er(t i)c. 

e -s, e z + (^^o-)+^^o--i)) (1)) _ 3£(0) . v) 
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= ^E 3e z + (*- J (* i )i'(i)+*- J+ i(t i )G'(j-i)) ^S^^^'O^'^'&'-i))^ 
e E,« + (* 3 (ti)i(i)+^_x(ti)G0--|)) e ^ o(i | )i(0)r i a(1)) _ 2i(0) . 

e -E^(^ 1) iW+^l ) iG0--i)) . (6 (i) r 2L(o) . u)e r(ti)c_ 

Thus 

<f',K y (Qi)i*o ^(Q 2 )) tl / 2 («))e- r( " )c 

(7.8) 

, i: 3ez+ ( / *- 3 (* i )i'0")+*- J+ i(t')G'0-i)) -E.ez.f^fi'O^+M^iG'O-i)) 

= (e + v 2 / • e V J 2 / « ; 

e E, e z + (*i(*i)i(i)+*,_i(t*)Gy-|)) eMo(t l )i(0)(r i ffi(1)) _ u(0) . 

Since is a positive energy representation of ns, the right-hand side of (|7.8|) is 
a polynomial in ^-(t 1 / 2 ), for j G ^Z, j ^ 0, and e ± 2 *o(* 1/2 ) with coefficients 
in Aoo[* 1/2 >^ 1/2 ]- B y Theorem IP the series #j(* 1/2 ) and e ±^»( tl/2 ) converge 
to ^(a^U^.MW.Bt ),^ )) and e ± 2 *°(« (1 > ^ (1> 3 (0) ^ (0) ) , respectively, at 
t 1 / 2 = 1. Let #j = f j (aW ) i (1) ,M (1) ) B (0) ,JV( ') for j G |Z. From equations 
and Proposition 3.21 of |E4], and Theorem E31 the local coordinate 

at oo of the canonical supersphere with 1 + 1 tubes representing Qi ioo Q 2l in 
terms of the superderivation representation of ns, (|2.1(l and (|2.2(l . is given by 

cx p(~ Yl (*-ji-j(^>p) + *-j+iG- i+ iKp)))' 

j"ez+ 

and the local coordinate at zero is given by 

exp(- (^i,^'^) + * 34 G j4 ( Wi/) ))) ■ (ad))^!"-^) . e*^"^^'- 

exp(- (BfL j (w,p)+N^ 1 G j _ i (w,p))) • C«.rt . 

By Proposition 3.17 of 1B4| and by Proposition l2.il there exist series (C^°\ O^), 

(CW,OW) G and c (1) G (AL) X such that these local coordinates can be 
written as 

ex P (£ (^pj+ofj^^p))).^^) 

and 

exp(- £ (cfi^K^+ofj.G^iKp))) .(cWy L °^-(w,p), 
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respectively. Since V is a positive-energy representation of ns and by Proposi- 
tionESl when t 1 / 2 = 1 the series T{t~ 1 / 2 a^ v > , , ,B(°\ ) converges to 
T(a^\ , N^), and we have 

(v\ [vjm i*o ^(Qi))H} e - r(a<1) ' A<1) ' M<1) - B(0, ' JV(0,)c 



V (Ql ioo Q2)(v)) 



which proves the sewing axiom for n = 1, m = 1. The case m — 1, n — is then 
given by letting M 1 )) = (1,0) and v = 1 above. 

(b) We prove the sewing axiom for the special case Qi 2000 Q2 when 



and 



Qi = (M);0,(aW A« M«),(1,0)) e 5Jf(2) 
Q 2 = ((Bt ),^ )),^^! 1 ',^ 11 )) e SK(1). 



In this case, 
(«', {vJ(Qi) 2 *o (Q2)) t i/2(wi <8 u 2 )) 



feG^Z jW=l 



(z 5 V))e-f fc ) ) ) • (e 



e -s,« + (-r^)+^ G o--D) _ (6(1)) _ M(0) , V2)tk 

£ l: , (t/,y(e- E ^K ,J1C,,+J ^ , * CC, -* ) ) .(aW)-^).«x, 



(x,v>)=(z,i 



fceiz i< fc )=i 



(a,p))eU) • (e 



E 



■E 3 . e , + (^L'( i)+ iv(^ G ' (j -4)) , (0) (fe) 

V 'l(k') ) 1 

-(^ 1>L0 ' )+ ^ G0 ^ ) ).(fe(i))-^(0). V2) 



J2 ^\v\Y(e- E M A " )LU)+M l-i G ^) .(.W)-^.^ 



fceiz i( fc )=i 

,(fe) \ . /,L'(0) 



(x^))e^).(^ 



E 



-E Jez+ (t 3 'sf ) i'«)+t^'JV ; , ( ! ) iG'( J --|)) 



(^W+^V W - i} ).(6W)-^o). % ) 



f> ( > )* 



o2 
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dim Vf i 



■eiz i( fc )=i 

(^))e ( |).((egr,e" 



fceiz j( fc )=i 

a (fc) \ . „„(*) r)e -E. e , + (*^i ^(^)+t 3 "-ijv™ i G(- J -+|)) ^ (0) _ 



(x,v>)=(z,i 



-E 4 



(7.9) =y,y (e -^(^MiH^w-*)) . (fl (i))-"(o). Wl> 

e -E i6Z+ (Bf) i o-) + ^ GO -- i) ) _ (&(1)) _ 2i( o). U2) 



(x,tp)=(z,i 



(7.io) =(e -^*,(^r^-*^ i «'c*-i)). l/> 

F(e" E - z + (^^+^^-4)) . (fl(1)r2i(0) . ^ 
e -E i6 z + (*^f i(-j)+^-iw^G(-i+i)) _ fi(0) _ 

e -^ a+ (^ i( ^V(,4)) . (6(1)) _ 2i( o) . . 

(x )¥ .)=(«,e) 

The right-hand side of l|7.10[) is a Laurent polynomial in t 1 ^ 2 . If we can prove 



s + V J 2 / y (u, (x, ipj) 



-Si 



(*i Bf» L(-j)+t J - 3 i\rjo) G(-i+i)j 



y (e" i*^™*?-^-*) e -^H0) Uj H -i J(ajj ^) 



(7.11) 
where 

(7.i2) ef = ef ({^sf ,t*-ijvf j}*^, (*,?)) 

is given by l|3.8|) and 
(7.13) 



H-%(x, <p) = exp( J] (fBfL-iix, <p) + t^Nf\G_ j+h {x, <pj))-(~, f ) 

then when i 1 / 2 = 1, the right-hand side of l|7.10[) is equal to 

(v',i/%(Qi 2oo Qa)(vi (Siva))- 
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Thus in this case, the proof of the sewing axiom is reduced to the proof of l|7.11J) . 
Letting 

H-j 2 oI(x,ip) = (x(t?),<p(ti)), 
by lj5T7|> and Corollary El 

yfe + V ^-3 / e u ° ^ (v> u,H tl ^ 2 o I(x,ip)J 



Y 



( e (*ti)-*W-i)+(e(ti)-*0^^^ 



- * -p £ E U i + 1 >- i ^(H° ) +2^-*^i)^) 

+ (t*-*^ + ^-i(-^t*flf)G( m + !)))„, (^ . 

By this equality, the proof of (|7.11|) is reduced to the proof of the following bracket 
formula 

(7.14) [J2 (tiBfL(-j)+t^N^ G (-j+±)),Y(u,(x,<p)) 



n e e f^ 1 >-^((^r + 2^-*^)i;(m) 



+ + ^ ti^™LiPBf> ) G(m + (x, <p) 

From (|5.14l) . we have 

[Y(t, {xi, Vl )),Y(u,(x,ip))] 

= Res Xo x~ 1 5 ^— — ^ — fHf^j Y(Y(t, (xq,<Pi - <p))u, (x, </?)) 



Let 

3- 



it (si) = t j Bf ] x^ +1 and g t ( Xl ) = ]T t^Nf\x^ 
Then 

< y 9iRes a:i Zt(a;i)F(a;, (xi, 

^iResx^CxxjyfT.Cxi,^)) = ¥>i ]T ^-^j°\G(-j + i), 



54 KATRINA BARRON 

and by the G{— l/2)-derivative property (|5.12(l . we have 



Y(u, (xx,ipx)) 



Y{\g{-\)t, (x 1 , l p 1 )) 



Thus 



Y(u,(x,tp)) 



^xRe Sa;i ((i/ t (^)(A + ^^_) +5t(a;i) 



Res Xo x 1 S(^— — — — )Y(Y(t, (xo,ipi - ip))u, (x,ip)) 



Y (^iRes xl Res X0 (^l t (x 1 )(^— + ipi-^- S j + gt(xi) 



xi -xo- <pi<p 



Y(t, {XQ,ip! - tp))u, (x,(p) 



But 



fl ( d d \ 



a;i - .t - (fi<p 



)f(t, (x ,ipi - </?)) 



<p iRes Xl Rcs x 



dx\ 



9t(xi, 



X fX + XQ+ LpiLp 



x^s{ 



Xl 



JY(t, (x ,tpi - <p)) 



fl ( d (:. 
Res Xl Res Xo ^k(xi)[^ — x^Sl 1 



\difi 



X + Xq + Ifitp 



xi 



Y(t, (xq, -<p)) 



+ llMx^^^-Yir,^)) 

+ 9t(xi)xi 1 s( X ^ X ° ^)Y(t, (x 0l -if)) 
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(E °( k + \)*o k - 2 ) + fe> + zorv*- 1 ) (5 E ''"/'•<•<' ; ) 

H-ez ~ ' Vez ' ^ jez+ 

* J- (\*, - J- .. V , «-!^V /•/ - V''«" ..-J'+1 

-fc-2 



2Ei(%" + E^+^r- 1 E 



J2G(k+hxo k - 2 -2<pL(k)xo 



MeN fc£Z jeZ. 



fe-2 

)./' 

2 y 



^Res, (EE E ((-i + D( /j^4|^sfG(fc + iK 

+ + ^x-'-'+Vo**-*^ (G(fc + i) - 2^(fc))x ^ fe 



^EE( i ^f7>- j -V s f^- 1 - 

zgn J6Z4 



+ + ^-^V-i^fGfCi - i) - 2^(1 - i))) 



— 7 — m 



m=-l jeZ+ V V ' / \ / 



m=-l j£Z + ^ ' v 

This finishes the proof of 1)7. 14|) thus concluding the proof of the sewing axiom for 
case (b). 

(c) We prove the sewing axiom for the special case Q\ 2000 Q2 when 
Qi = ({z, 6); 0, (aW,#), M«), (o( J U (2 U (a) )) £ SJC(2) 

and 

Q 2 = ((B (0) , aK°>), (&« flW, AT^)) g Sif(l). 
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Using steps (a) and (b) and Propositions 12.51 14.11 and 17.11 we have 

(„Y(n \ * „Y(n ^ o -r(a< 2 ),A( 2 ),M( 2 »,s< »,Ar(°») c 
(v 2 (Qi) 2 *o V\ (Q2))e > 

= (((«, 9); 0, (a«, A« AfW), (1, 0)) 2 co (0, (a^,A^,M^))) 2 * 

(g 2 )) e - r ( Q<2) > A<2) < M<2) < B<0) ■ Ar(0) ) c 

= {{v*{{z, 6); 0, (a«, AW, MW), (1, 0)) 2 * ^(0, (a' 2 ', A™, M^))) 2 * 

v Y (g 2 )) e - r ( Q<2) > A<2) < M<2) > B<0) > Ar(0) ) c 
= ((z, 0); 0, (aW,#',MW), (1, 0)) 2 * (^(0, (a^ A< 2 ), M< 2 ))) x * 

^ (Q 2 ))) e~ r(a<2) ^ <2) ' M<2> ' B<0) ■ jv(o))c 

= ^((z, 0); 0, (a' 1 ), A« M«), (1, 0)) 2 * ^((0, ( fl ( J U (a U (2) )) i°°o Qa) 
= ^ 2 Y (((z, 0); 0, (a' 1 ), A' 1 ), M«), (1, 0)) 2 oo ((0, (a^.A^.M^)) i°o Q 2 )) 
= ^ ((((z, 0); 0, (a' 1 ), AW, ¥«), (1, 0)) 2 ^ Q (0, ( fl P),#,JlfW])) 2 oo Q 2 ) 

= ^J(Ql 200oQ2) 

(d) We prove the sewing axiom for the special case Q\ \ooq Q 2 when 
Q 1 = ((z,fl);0,(l,0),(l,0))eSif(2) 

and 

Q 2 ((B(°\iV( )),(6« ) .B«,iV( 1 ))) e SJT(l). 

In this case, 
(v',{v%(Qx) i * ^ y (Q 2 ))ti/2(wi <g> v 2 )} 

-Ej 6 z + (Bj 1> i(j)+^ i oW-i)) . 



dim V (fc) 



( 6 (D)-2L(0) . Wl)i fc 



(a:,v)=(* 



= E E Kneg'^^)-^))*' 

e -E, S z + (^^0-)+iv« iG o--i)) (6( i) r2 L(o). Vi) 

e -s,« + («fMi) + ^ G y-i))_ (6(1)) _ 2i(0)ul) 



(x,v>)=(z,i 



(x, V )=(*,0) 



(x, V )=(z,£l) 
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(7.15) = (-l)^ Vl ^ V2 \e xL '^ + ^ G '^v',Y(v 2 ,(-x,-ip)) 

By (|7.9|) in case (b), the right-hand side of l|7.15|l is equal to 
(-1)^0^) ( ^ (( _^_^ ); o,(l,0), (1,0)) 

Let Qj,fovj S ^Z-l. be defined by (|7.12|) . and let n. (x. to) — (H® 1/2 (x, ip), H^ 1/2 (x. 
be defined by (|7.13|) . Then by case (b), we have 

(?/, (is* {Qi) i * V\ (Q2)) t i/2(wi ®v 2 )) 

Y^+^^i^ e-^% 2 ,H- t % o (,, v)) 



(x,<p)=(-2,-9) 



e - K L'(l)- v G'(i) w / ;y ^L(0) e -S je z + (s< 1) iO)+W (1 1 ) iGb-i)) (1) . 2i(Q) ^ 



(ai,V5)=(-2,-e) 

The right-hand side of the above expression converges when t 1 / 2 = 1 and, by the 
definition of sewing, is equal to 

(v 1 , vJiQi i°°o Q2)(vi ® v 2 )). 

(e) We prove the sewing axiom for the special case Q\ iooo Qi when 

Qi = ((z,^;0,(aW,AW,MW),(aW,^,M( 2 ))) e SK{2) 

and 

Q 2 ((£ (0) ,7V (0) ),(& (1) ,5 (1) ,ivW)) e SK{1). 
Using cases (a), (c) and (d) and Propositions 12.51 14.1l and l7.1l and letting 

e -r(a( 1 I,i< 1 ),M( 1 l,ii< ),JV< [l >)c = e -Tc 
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we have 

\ v 2 [Qi) l *o v x {Q 2 )e K ' 

= (vl((((z, B); 0, (1, 0), (1, 0)) lO o (0, (a« , A« , M«))) 2 ^ 

(0, {a^\A^\M^))) x * ^((B (0) ,iV (0) ), , iV (1) ))) e - rc 
= 0,(1,0), (1,0)) i*o ^(0,(a (1 U (1 U (1) )))2*o 

i/ftO, (fl< 2 U (2) ,M (2) ))) i *o ^((S (0) , ^V (0) ), (fo (1) , iV( 1 ))))e- rc 
= ((i/H^^O.a.Oj.a.O))!^ K y (0,(a( 1 U (1 U (1) ))i*o 

^((5(0)^(0)), (fcd), B«, AtW)))) 2 * ^(0, (a' 2 ), A< 2 ), M< 2 ))))e- rc 
= (^(M);0,(l,0),(l,0)h* ^((0,( a W,i (1) ,M (1) ))iOOo 

((B(°), JVW), (&«, B«, 7V«)))) 2 * (0, (a< 2 U (2) , M< 2 ))) 
= ^(((z, 0); 0, (1, 0), (1, 0)) lO o ((0, (a« A* 1 ), M«)) lO o 

JVW), (&«, BW, JVW)))) 2 * ^(0, (a^ 2 ), M< 2 ))) 
= i*((((M); 0,(1,0), (1,0)) xooo ((0,(a^,A^,M^)) lO o 

((B(°),iV( )),(6«,i?«,7V«)))) 2 oo (O^U^M^))) 
- i/ 2 y (((((*, 0); 0, (1, 0), (1, 0)) lO o (0, (aW.AW.MW))) 2 co 

(0,( a < 2 >,A< 2 >,M< 2 >))) lOO0 ((B^AK°)), (&«, SM,^)))) 

= ^ (Qi i°°o Q2) 

(f) We prove the sewing axiom for the special case Qi m ooo Q2 when 

Qx = ((z 1 ,6 1 ), (^-1,^-1); (^ (0) , M(°)), (a« A« M«), 

(a^ m \A^ m \M^)) e SA"(m), 

and 

Q 2 - ((z, 0); 0, (6«, 5« iV«), (6 (2) ,B (2) , A^ (2) )) e 5iT(2). 
In this case, 

( v '> {"miQl) m*0 V% {Qi)) t i/z{vL®- ■ ■ V m +l)) 



(AfL'^+M^.G'U-i)) , 
V 3 2 / ti 



dim V (fe) _ 

E E t, r- 1 -m-i( e ~ ez+ 

fce|z i(*)=i 

(*„-„*>„-,)) .e- E -(<"«' +M S G «-i») . (.<->)-"<» .,«>. 

(x,<p) = (z,8) 
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dimV (M ^ ( ,(«,„,, , ,,(0) 



Y(e- {^UHM^cu-^ (a(1)) _ 2L(0) 
y (e -S^(^- 1, ^< i - 1,GW - ) ) • (o (-i))-"(0) ., ro _ 1; 

(^(0)(eg0^r( e - E - z + ( S " iO ' )+ ^- > i GO '- ) ) • (6«)"-(0) -, ro , 
(,^)). e - E - z + (^ )i(j)+ < , i G(j - ) ). 



(6( 2 ))- 2i (°). Um+1 ) 



(x l¥ >) = (z,6) 



^ ^ -i , -E 3ez+ (^^'0-) + Mf_' i G'0--|)) , 



y (e " l^o-HM-.co-Dj (a(1)) _ 2L(0) w)) 

y(e -S^(^"- 1, ^ + < 4 - 1,GW -' ) ) • (a(--))--(0) 
^,M)-e-^(^"H.(.(i-(0).e!g 



(&< 2 >)- 2 ^- Wm +i> 



(x», ipi) = (zi, 
(x )¥ >) = (z,9) 



(7.16) = 4... m (e +V i ? Jv, 

Y(e- ^ {^^ou-i)) . (a(1)) _ 2i(0) . ^ . . . 

y(e -S^(^- 1) ^ + < i - 1,GW -' ) ) • (o ("-i))-"(0) 

y( c -S^K , ^i , i «W-i)) . (6(1)) _ 2i( o) . Vm;(x ^ )} . 
c- E ^( B ^ W+W M G(, - i) ).(6(»))-«(0). tWl> 



(x< )V4 ) = (zi,0i), ■ 
(x, ¥>) = (a, 6) 
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Since V is a positive energy representation for as and by the truncation condition 
(|5.8(l for Y(-, (x, if)), the right-hand side of Ij7.16|l is a polynomial in i 1 / 2 and thus 
converg ent when t 1/2 = 1. If we can prove 



e 



E jez+ (^ m) iO-)+A^GO-i)) 



(7.17) 

= y((^aM)- 2 W^4 e "^^^ 
where 

= r ^W)^o(^) . ex p(£ ^) +M(. ra »G j .,(^))) • 



and the sf ] = ef } (^ 1/2 a n , A( m ), M< m \ (x, </?)) are defined by {325, then since 
e r( o (-»),i<"'),M('»',0)c = Xj when t i/2 = Xj the right-hand side of fTTBfl is equal to 

(v',z^ +1 (Qi m oo Q 2 )(wi ® ■ • -Wm+l)}- 

Thus in this case, the proof of the sewing axiom is reduced to the proof of (|7.17|l . 
Let 

H^} 2 (x,ip) = (£(**),£(**)). 
Then by (|5.15|) . I|5.17|l and Corollary E2I the right-hand side of (|7.17|) is equal to 

(7.18) (HaC™>)-^>y(e- E -^ 

((*- ^a^) 2 ^), (i-ia^)^(^) ) (t-^a( m )) 2i (°) 



(t-3a (m) ) _2L(0) y(e ((t *« (m, ) 2 *(t*)-^)i(-i)+((*"*« (m) )v(t*)-y)G(-|). 



(t^a^)- 2L(0) Y(eJ-± £ (itl)^^) 



*) r'aHMW + ^^jC»0)g(* + 1)) J «, (x, „)J • 

^-I a (m) )2 i(0)_ 
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But since 

= (r l a) -2i ( o) e s je , + (* i «- 2 ^^a)+*^^-^ +1 ^- i Go--i)) 

proving (|7.17() is equivalent to proving 

-E )ra+ f^« (m) )- 2 ^r )i ^)+ t54 (« ,m) ) _2j+lM ! m i G (j4)) v/ , „ 

e V 3 ? / Y {u, [x, y;))- 



o E i6 z + (^(« <m) )"^4 m)i w+ t3 "^ a(m) ^ 2j+lM -ri G 0'-i)) 



= F exp -£ 2 J: * j (« W )- 2i ^ fc 

((Ar ) +2(^)t- a Mx-VM^)L( fc ) 

+ x " ( (iTl) r Mm)M S + ^^4 m) ) G ( fc + ^)) ) «. (*■ 

By this equality, the proof of (|7.11|) is reduced to the proof of the following 
bracket formula 

[ £ ^(aM)- 2 ^f^(i) + «-HaW)- 2j+1 M^lG(j - , Y(u, (x, p)) 



vfe=-i 



1 'j 

From H5.14fl . we have 
[Y(t, ( Xl , Vl )),Y(u,(x,^)} 



(( A s m)+2 (7Ti) Ha(ra,i " VM n) i(fc) 



Res Xo a; ^ ^— — ^ — ^l^^j F(T(t, (xo, fi - (a;, </?)). 



Let 



l t {x x ) = J2 t j (a^)- 2j A^4 +1 

fft (x!) = y)^-i(o (TO) )- y+1 M. (m ixi. 
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Then 



and by the G{— l/2)-derivative property (|5.12l) . we have 
Y(w, (xx, ipx)) = Y{ l -G{- l -)r,{ Xl , Vl )) 



2 (^ + ^^) r(T ' (a;i '^ ) - 



Thus 



Y; (ti(a^)-VA™L(j) + ti-Ha (m) )- 2j+1 M^{G(j h) , Y(u, (x, <p)) 



^iRes^ 



1 9xi 



y(F(r, (x , 9?i - y))u, (x, <p)) 
9t{xi) 



V [ <^iRes Xl Res Xo ^Zt(xi)^— 

5E -1 <s(— — ^ — — )f(t, (x ,(pi - tp))u, (x,tp) 



But 

ipiRes Xl Res Xo 



vi-Q^r J +9t(x 1 ) 



Xl - .TO - VlV 



.T 



^iRes^Res-j 



"S7J +! " (I1) 



xi 



Y(t, (x ,(fi - </?)) 



)V"(r, (x ,<pi - <£>)) 



/ 1 / d (:, 
VJiRes^Res^ ( -Zt(aii) \q~^ x i S \ ' 



x + x + tp 1 (p 

Xl 



Y(t, (xq, -if)) 



+ 9t(xi)x7 1 s( X ^ Xq ^)Y(t, (x , -if)) 
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EG(fc + i)x - fc - 2 -2^(fc)x - fc - J 



Res - (EE E ((j + i)('>^4f* j '(« (ro) )-^4 ro)G ( fc +^K fc - 2 

3 1 1 j^- i+1 4^(a(™))- 2 '''4" ) L(fc)x - fe - 2 



E E f^({)^-V^(a (w) )- 2 ^G(/-i) 

+ C + i 1 ) x ^ l+H3( - a{m) ^ 23A< r )L ^ 1 - ^ 

+ ^-¥-Ha^)- 2j+1 M^l(G(l -I)- 2<pL(l - 1))) 



fc=-i jeZi 



E E II hV m) r 2 v- 



, j V(o (m) r^~*~ i f^^v4 m) +<~ i o {m) ^- ro nG f (*+-) 

fc + ly V 2 J ■? 2/ 2 

This finishes the proof of l|7.14|) thus concluding the proof of the sewing axiom for 
case (b). 

(g) Let n > 2 and fix m G Z+. Assume the sewing axiom holds for all Qi G 
SK(m), Q2 G SK(n — 1). We show the sewing axiom holds for all Qi G SK(m), 
Q 2 G ST^n). Let 

Qi = .... (*»-!, (A< \M<°>), (o«, MW), 

(a (m) ,yl (m) ,M (m) )), 



Q 2 = ((^ ) ^),- ) «-i,d);(^ (0) ^ (0) ),(& (1) >s( 1 ) ! ivW) ) ... ) 

( fe (n) ;B («) ;i V^)). 
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Then since f^ + „_ 1 (Qi ^000 Q 2 ) and each term in the series (z^(Qi) »*o u n (Q^t 1 / 2 
are analytic in {z[)b, (z' n _i)B, we need only prove the sewing axiom when 

\{z' 1 )Bl- 1 \{z' n _ 2 ) B \ < I04-i)bI- 

In this case Q 2 — Q'2 n-i°°0 Q'2 where 

Q^ = ((^,^),..,(<_ 2 ,^_ 2 );( J B(°),iV( )),(6( 1 ),B« ) iV( 1 )),.., 

{b'- n - 2 \B < - n - 2 \N (n -V) 1 {l,0)) e SK{n-l) 

and 

Oa = (CCiX-i); 0- (b<-»- 1 \Bt«- l \N<- n - 1 '>), (&<»>, B<»>, JV<»>)) G Stf (2). 
By our inductive assumption 

("mWi) i *o ^„-i(Q 2 ))e ; = *V+„- 2 (<9i *°°0 <2 2 ), 

and by step (f ) 

v m+n-2(Ql iOO Q 2 ) m+n-2 *0 ^(QjD = ^+n-l((Ql i°°0 Q'2) m+n- 2 OO Q 2 )- 

Thus using the associativity of sewing and the ^^-contraction, Propositions 12.51 
and 14. II and Proposition l7.il we have 

\ v m\Ql) % *o v n (Q2))e ^ ' 
= v m{Ql) i *0 (.f„-lW 2 J n-l *0 V 2 {Q 2 )) e 

= f m+n _l((Ql iOC Q 2 ) i+n-2OO Q 2 ) 
= ^m+n-l(<3l i°°0 (Q' 2 n-lOOo Q 2 ')) 
= ^+n-l(Ql *°°0 Q 2 )- 

(h) Finally, assuming the sewing axiom holds for Qi G SK(m — 1) with m > 2 
and Q 2 € SK(n) for all n, we show that it holds for Q\ G SK(m) and Q 2 S SK(n). 
Let 

q x = ((21, (z m - u e m - t y, (4<°U (C) ), (« (1 U (1) ,m (1) ), 

(a( m U W ,M( m ))), 
Q 2 = ((4, 6[), (S (0) , ^V (0) ), ATW), 

( 6 (") jB (») jiV (™))). 

Then since ^ +n _ 1 (Qi jOOo Q2) and every term in the series (f^(Qi) i*o (Qa))* 1 / 2 
is analytic in (zi)b, (z m -i)_B, we need only prove the sewing axiom when 

\{Zi) B \, —,\{Zm-2)B\ < \{z m -i)B\- 

In this case Qi = Q[ m _iooo Q'{ where 

Qi = ((*!, (z m _ 2 , m _ 2 ); (#,Ml°»), (a«, 

{a {m - 2 \A im - 2 \M {m - 2) ), (1, 0)) G 5tfr(m - 1) 

and 

Q'{ = {{z m ^ 1 ,6 m - l )-,0,{a^ m - 1 \A^- 1 \M^ m -^),{a^ m \A^ m \M^)) e SK(2). 
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We have three cases: 

(i) If i = 77i, then 

Ql jOO Q2 = (Q'l m-l°°0 Q{) m°°0 Q2 = Ql m-lOO (Q{ 2OO Q 2 )- 

For m > 2, the sewing axiom follows by the inductive assumption, associativity of 
sewing and the t^-contraction and Proposition 17. II For m = 2 the sewing axiom 
follows by special case (c), by (g) (the induction on 71), the associativity of sewing 
and the t 1 / 2 -contraction and Proposition l7.ll 

(ii) If i = 777. — 1, then 

Ql iOO Q2 = {Q'l m-lOOo Q'l) m -lOOo Q2 = Q'\ m-lOO {Q'l lOO Q 2 ). 

For 771 > 2, the sewing axiom follows by the inductive assumption, associativity of 
sewing and the ^^-contraction and Proposition 17. II For m = 2 the sewing axiom 
follows by special case (e), by (g) (the induction on 77), the associativity of sewing 
and the ^^-contraction and Proposition 

(iii) If i 7^ 777, m — 1, then 

Ql 'i°O0 Q2 = {Q'l m-lOOO Q'l) i°°0 Q2 = {Q'l jOOo Q2) m+n-2OO0 Q'l, 

and the sewing axiom follows by the inductive assumption, special case (f), the 
associativity of sewing and the ^^-contraction and Proposition l7.ll □ 

8. The isomorphism between the category of N = 1 SG-VOSAs and 

THE CATEGORY OF N = 1 NS-VOSAs 

In this section, we prove the equivalence of the notions of N = 1 NS-VOSA 
with odd formal variables and N = 1 SG-VOSA. By Theorem 5.3 in |B3| . this 
then implies the equivalence of N = 1 NS-VOSA without odd formal variables and 
N = 1 SG-VOSAs. Again, since N = 1 NS- (resp., SG-) VOSAs are isomorphic 
if taken over different subalgebras of the underlying Grassmann algebra A^, we 
suppress the details of which subalgebras are actually acting non-trivially. 

Let SG(c) be the category of N = 1 SG-VOSAs with central charge c. Let 
SV(<yS, c) be the category of N = 1 NS-VOSAs with odd formal variables and 
central charge c, and let SV(c) be the category of JV = 1 NS-VOSAs without 
odd formal variables and with central charge c. Let lsv v and Isg be the identity 
functors on SV(^), c) and SG(c), respectively. The following theorem is the main 
result of this paper. 

Theorem 8.1. Assume that Conjecture \S.5\ is true. For any c £ C, the two 
categories SV(<y2,c) and SG(c) are isomorphic (and hence SV(c) and SG(c) are 
isomorphic). That is there exist two functors F$v '■ SV{ip,c) — > SG(c) a?7<i 
F S g ■ SG(c) -> SV(tp, c) such that F S v ° F S g = lfiG and F SG o F S v = lsv v ■ 

Proof. We begin by defining F$v on objects by F$v{V, Y{-, {x. tp)), 1, r) = (V, v Y ). 
Proposition 17. 21 shows that F$v takes objects in SV{ip 7 c) to objects in SG(c). 

Let 7 : (V u Y^-, (x, if)), li,n) -» (V 2 , V 2 (-, (x, <^)), 1 2 , r 2 ) be an JV = 1 NS- 
VOSA homomorphism. Then for Q £ SK{n) given by 

Q = ((»!, fli), ( 2n _x, e n _!); (i (0 »,M(°)), (a^), A«, M«), (a<"», ¥<"')), 
and for 7 : Vi — > V2 the unique extension of 7, we have 
(v ^ o vl 1 {Q){vi ® •••»«„)) = 
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=t _ Vi(e -E^ + (4^'(i) + -r_^'o--i)) u , 

(^" 1)iW+ <i )Ga - ) ). (a (»- 1 ))--(0). Un _ 1) 



li(e 



-E 



( a ("))- 2L (°)., n )} 



(x i>¥!i )=(z*A) 



Y 



(e -s, ez+ (4"-^(i)^n^o--*)) . (a (-D)--(o) . 7(Un _ l)) 

(£„_!, </?n-l)) • e + V 3 ^ / • 

(aW)-*W- 7W>, w , 

(s i ,¥>i)=(«<,fl4) 

Thus defining i*sv(7) = 7, we have that -Fsv (7) is a homomorphism of N = 1 
SG-VOSAs, i.e., Fsv takes morphisms in SV(<y9, c) to morphisms in SG(c). By 
definition, F S y(7i7 2 ) = 7172 = Fsv (it) Fsv (12), and F S v(id^v,Y(;(x,<p)),i,r)) = 
id(y,v Y )- Thus Fsv is a functor. 

We next define Fsg(V, v ) — (V, Y v {-, (x, tp)), 1 v ,t v ). Proposition 16 . II shows that 
Fsg takes objects in SG(c) to objects in S\((p,c). Let 7 : (VI, v) — > (V2,//) be an 
N = 1 SG-VOSA homomorphism. Then 



{v',"f(Y u (u,(x,ip))v))\ ixv)={ze) = 



(« / ,7oi^((«,d);0,(l,0),(l,0))(«®«)> 
<^ 2 (M);0,(l,0),(l,0)) 7 ® 2 ( M ®z;)) 
(t/, F M (7(u), (x, v?))t(«)> I ( SB , V )=(«,9) - 

= («',7 01^,(0)) 
= («',Mo(0)) 
= («',7(V)>, 



and 



(i/,7(r„)> - («',7(-^^(0,M(€ > |)))) 

= -(</,^7°*M0,M(e,~))> 

= -( v >,^ (0,M(e,~))) 

= («',7(7>)>, 
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for all v' <E V . Thus defining Fsg(i) = 7, we have that Fsg(i) is indeed an N = 1 
NS-VOSA homomorphism, i.e., Fsg takes morphisms in SG(c) to morphisms in 
SV((/3,c). By definition, F SG (7i7 2 ) = 7172 = F S g (71 )Fsg (72), and F S G(id(v,u)) = 
id(V,Y u (;(.x&)),iu,T V ))- Tnus F SG is a functor. 

The fact that Fgy ° Fsg = Isg and Fsg F$v = ^sv v on morphisms is trivial. 
To show Fgv ° Fsg — Isg on objects, we need to show that given an JV = 1 
SG-VOSA, (V, v), then F sv o F SG (V, 1/) = (V, ^) = (V, v), i.e., 

(«', v n ((z u ± ), (z„_i, 0„_i); (#,¥(»!), (oW.AW.M^), 

(fl( n) ,A (n) ,M W ))(%®-'®«n)> 



- 1 ) = i l. 1 .n-l< e 



+ V 3 2 /J), 

V >-s / • (a (1) ) 2L{0 > •vi,(xi,<p 1 ))-- 



y^M^-^^i^j . (0 («-D)-^ 

e -E^(^<H.(,W)^.^) 

(x 4 , Vj )=(*iA) 

Since both (V", 2/) and F S y o F S g(V, i/) = (V, v Y ») are A = 1 SG-VOSAs, they both 
satisfy the sewing axiom. Thus by Proposition 12.61 we need only prove 1)8. lfl for 
Q = (0), (( J 4(°),M(°)),(a( 1 ),^( 1 ),M( 1 ))), and ((*, 6); 0, (1, 0), (1, 0)). For Q = (0) 
and ((z, 6*); 0, (1, 0), (1, 0)), equation 18. lfl follows immediately from the definitions 
of 1„ and Y v . The equality 

{(A^,M^),(a^,A^,M^))(v)) 

(a (l))-2L(0). w)) 

is equivalent to the following three equations 

(8.2) (v',^((A^\M^),(l,0))(v)) = (e" Eiez +(^ 0)i '°' )+M i-i G ' "^) v ',v)) 

(8.3) (v'M0,(l,AW,MW)){v)) = ( v \e~ E ^\ A ^ m+M ^ G{j ~ h) ) • «)) 

(8.4) («' > ^(0 > (a«,0))(t;)) = («', (a«)-"<°> ■«)>• 

The equality (|8.4|l follows immediately from the grading axiom. By the super- 
meromorphicity axiom, («', i/i(0, (1, A^\ M^)){v)) is a polynomial in the Aj s 
and Mjj> 1/2 's for j € Z+. Thus (u',i/i(0, (1, A^, M' 1 )))^)) is well defined for 
any (A^ , M^) £ /\°°. But since the series (A^\ M^) is not necessarily in TC, 
the formal series E(A^\ M^)(x, <p) is not necessarily convergent. In B4 , such 
superspheres as (0, (1,A^,M^)) were called generalized superspheres with tubes, 
and the space of such formal superspheres was denoted S'A'(l). However, since 
(v', fi(0, (1, t(A^', M^)))(v)} is linear in v and v', there exists a linear operator 
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R(t) from V to V such that 

(8.5) (^((MM^W M«))(«)} = (v',R(t)v). 

We first show that, in fact, R(t) is an operator from V to itself. Using the sewing 
axiom and 1)8.4(1 . we have 

(«', n((0,(if,0)) 1000 (0,(M(AW,M (1) )))M) 
= (^(^(0,(^,0)) !* ^(0 > (l,i(AW J AfW)))(i;)) 

= E E (t/,^(0,(t^0))eSg)((eSS)%^(0 s (l,*(^,MW))(t;)) 

dim V (fc) 

= E E <«':^ (0) eS><(eS)*,ii:(t) V > 

fcG±Z j( fc )=l 

= (v',t; L(0) R(t)v) 

(8.6) = (t^ L ' (0) v',R(t)v). 
On the other hand, from 

(0,(t?,0)) iooo (0 J (l,t(A< 1 ),M( 1 ))) 

= (0,(l,{t^Aj. 1) ,tt(" 4 M ( ^ i } J - 6Z+ )) ioo (0,(^,0)), 

we have 

(«W(0,(tJ,0)) iooo (0,(l,t(#' 1 MW)))( 1 ;)) 
= (^((O.CU^Af .tf^M™ } jez+ )) l00o (0,(t*,0)))(t;)) 



(v'^MOAhittiA^^ttl ^M L \} 3 ez + ))i*o *!((>,(*?, 0)))( V )> 

J J 2 

2 E («^^l(o,(lJ^^^^^^^^^ji ) iW + ))eg) 

((eg)*^i(0,(4,0))( V )) 

dim V (fc) 

2 2 (v\u 1 (0,(l,{U{Af\tti- i M^J jeZ+ ))e^l) 



((effi)'.*r L(0 M 

When v' £ V/ m ) and v S V(„) , combining 1)8.6(1 and ((8.7(1 , we have 



(8.7) = (« , ,^(0,(l J {«i^ 1) ,ttj *m£? 4 }jez + m m v) 

J J 2 



(8.8) (t/,E(t)«)tr m = <«>i(0, (l,^^,^ ^MWj^zJ^tr". 

By the supermeromorphicity axiom, (w^ ^(0, (1, {ttjyl^ 1 ^ tt{ _1 ^ 2 Afjj ) 1 ^ 2 } : , e z + ))'i'} 
is a power series m t\' 2 . Then from |8li)) . we conclude that (v',R(t)v) = when 
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m > n. From the positive energy axiom, it follows that R(t) is an operator from V 
to itself. 

From Proposition 12. 71 the sewing axiom and (|8.5p . we have 

= (v'M0,(l,(t 1+ t 2 )(A^,M^)))(v)) 

((0,(1, ^(A^^W))) 1& o (0,(l,t 2 (l( 1 ',M (1) )))) («)) 

= (^^(O^M^iW.MW)))!^ ^(0,(l,i 2 (A«,M«))))(t;)) 
= (v^R^R^v) 

for all w e y and »'eF'. Thus 

(8.9) ii(t 1 +ta)=Ji(ti)fl(ta). 

Since (u',i/i(0, (l,t(AW,MW)))(o)) is a polynomial in i, so is (v',R(t)v). Hence 
i?(<) £ (End V) [[*]]. This fact and equation imply that there exists X e End V 
such that R(t) = e tx . Substituting this into equation l|8.5[) . taking the derivative 
with respect to t and then letting t = 0, we obtain 

^(0, (1, t(A^,M^)))(v)) = <«', X«>. 
But from the definition of G(j — 1/2) and L(j) for j G Z+, 
d 



dt (v',^(0,(l,t(A^,M^)))(v)) 



t=o 



= y (-A?>( ^ r (« , > ^(0 > (l,i(AW,M( 1 ))))(«)) ) 

-M (1) x ( ^^(«',^(0,(l,t(A«,M«)))(t;)) )V 

3 2 

Thus X = - E jez+ (-^ 1} £(j) + Mf\ /2 G{j - 1/2)) and hence 

{v'M0,{1,AV,mV)){v)) = (v',e x v) 

, , -£ J « + (4 1) £(j)+MW i G0--i)) 
= (u , e \ 3 2 / • t>j) 

giving l|8.3jl . 

Similarly, by the supermeromorphicity axiom, (v', v\{{A^\ M^), (1, 0))(y)) is a 
polynomial in them's and M^ 1/2 's for j e Z+. Thus i/i((A( ), M<°)), (1, 0))(w)) 
is well defined for any (A^, M (°)) e /\~. In general ((#,M' '), (1, 0)) 6 Sif(l), 
i.e., it is a generalized supersphere with tubes. Since («', ((A^°\ M^ )), (1, 0))(v)} 
is linear in u and v', there exists a linear operator R'(t) from V' to V* such that 

(8.10) (v',^(t(A (0) ,M^),(l,0))(v)) = (R'(t)v',v). 
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We first show that, in fact, R'(t) is an operator from V to itself. Using the 
sewing axiom and 1)8.4(1 . we have 

(v',^((t(A^,M^),(l,0)) lO o (0,(ff ,(>)))(«)) 
= («',K(t(A(°),M(°)),(l,0)) 1 *o ^(0,(4,0)))^)) 

dim V (fc) 

= E E (^>i(*(^M( )),(l,0))e^ 
fee^z i< fc )=i 

dim V ((c) 

= E E (R'(t)v',e%)((e%r,t- L ^v) 

feG^Z i( fc )=l 

= (ie'(t)«',«r L(0) «> 

(8.11) = (R'{t)v',t; L(0) v). 
On the other hand, from 

Affl»),(l,0))iooo (0,(4,0)) 

= (0,(^,0)) lO o (({ttjAf ^r^^JiezJ^^O)), 

J J 2 

we have 

(«> 1 ((t(l(°),M( )),(l 1 0)) lOO0 (0,(tf,0)))(v)) 
= (»', ^((0,(4,0)) l00o (({t4Af\tti- L *M^} jeZ+ ),(l,0)))(v)) 

= (v', mo, (4,o)) x * ^(({^Af } i6Z+ ),(i,o)))(«)> 

dim V (fc) 

= E E (» / ,^(0,(tJ,0))e i ( S) 

((ej^%^(({tti4°^r 4M i-V^ + ),(i,o))( W )) 

dim V(k) 

= E E (^i^g) 

(( e W)*^i(({«i4 0) ,ttf"M^b ez+ ),(i,o))(«)) 

(8.12) = {t- L ' {0) v\ Vl {{{tt{Af ,tt[-Hlf\} oeZ+ )AlM(v)). 

J -J 2 

When v' £ V/ m ^ and v G V( n ), combining (|8.11|) and I J8.12J L we have 

(8.13) (R'(t)v',v)q n = {v\ Vl (({tt{Af\tt[-Hlf} 1 } jeI+ ) 1 {\M{v))t- l m . 

By the supermeromorphicity axiom, (v\ vi{{{tt{A^\ ti^ 1 ^ 2 M^ 1 , 2 }j e z + ), (1, 0))(u)) 

is a power series m t\ /2 . Then from JHHJ), wc conclude that (R'(t)v',v) = when 
m < n. From the positive energy axiom, it follows that R'(t) is an operator from 
V to itself. Thus the adjoint R from V to V is well defined. From Proposition ^. 71 
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the sewing axiom and Q8.1()|l . we have 

(R'(ti+t 2 )v',v) 
= (v , ,^((i 1 +t2)(A( ),M(°)),(l,0))( U )) 

= (v', Vl (((t 1 (# l M(°)) I (l,0)) !OO ((t 2 (A(°),M(°)),(l,0))) (v)) 
= («', (n((M^U (0) ), (1, 0)) i *o ^((* 2 (A(°), MM), (1,0))) («)) 

dim V (fc) 

= E E (R'(h)v',e%){R'(t 2 )(e%r,v) 
feeiz i( fc )=i 

dim 

= E E (#{ti)v\e$){(e$y,R{t2)v) 

tgiZ i( fc ) = l 

= (R'(h)v',R(t 2 )v) 
= (R'i^R'itJv'iv) 

for all v G V and u' G V. Thus 

(8.14) R'(t 1 +t 2 ) = R'(t 1 )R'{t 2 ). 

Since («', z/i(i(A( \ M^ )), (1, 0))(u)) is a polynomial in t, so is (R'(t)v',v). Hence 
fl'(t) G (End V) [[*]]. This fact and equation (PD^ imply that there exists X G 
End V such that -R'(t) = e tx . Substituting this into equation l|8.10|) . taking the 
derivative with respect to t and then letting t = 0, we obtain 



l^z^M M(°)),(1,0))(«)) 



But from the definition of G(—j + 1/2) and L(—j) for j G Z+, 
9 



(tAx*(i(AC°\M< >),(l,0))(t;)) 



t=o 



EH 



c9 



a(^f } ) 



(« , ) ^(t(A(°),MW),(l,0))(t;)> 



*(A(°),M<°>)=0 



-M 



(0) 



8 



d{tM {0 \) 



-(v',^(t(A^,M^),(l,0))(v)) 



i(A(°>,M<°))=0 



= - E^'^r^'H- E^ M i- ) i G (-j+ 



Thus X = - 



E iez+ (Af L'{j) + Mf} 1/2 G'(j - 1/2)), and therefore 



/.^((A^ M<°>),(l,0))(i;)> = (e x v',v) 

, -Z js z + UrL'( j)+ Mf^G>U-h)) , 

= (e + v 3 2 J ■ v ,v) 



giving (|8.2|1 . Hence F S y o Fs G = 1 SG . 
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Finally, that Fsg°Fsv = ^sv v on objects is equivalent to (V, Y(-, (x, (/>)), 1, r) = 
(V,Y v y(-, (x, ip)), 1 v y,t v y). But this is obvious since by definition 



(v', Y v y (vx, (x, v))v2)\ {x>v)Hz>6) = («'. vX{{z, 6); 0, (1, 0), (1, 0))(«! ® ^ 2 )} 

= («',y(wi,(a!,p))«a)| (iI . |¥ ,j =( , ifl) , 

<»'.l^) = («>u>)> 



Remark 8.2. The results of this paper subsume the correspondence between geo- 
metric vertex operator algebras and vertex operator algebras developed in |H2j . 
assuming the convergence of the central series T, i.e., assuming Conjecture 13.51 
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